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THE 



P R E F A C E, 



OF all the Mathematical Sciences, 7be 
DoSirine of Fluxions is the moft exten- 
iive jind fublime. By this, many Difficul- 
ties, unfurmountable by any other known 
Metliodj are .folved with uncommon Expe-« 
dition^ Elegance,, and Eafe. 

• ■ » 

' It is a General Way — for determining the 
ptaxlma and mimmd of Quantities 5 drawing 
Tangents to Gusves, finding their Points of 
Infleftion and Radii of Curvature: — for ob- 
taining the Lengths of curve Lines, the 
Areas of ctirvilifleal Spaces, the Surfaces and 
5olidijties. of concave and convex Bodies: &€• 
—In a Word, It extends to the invcftigating 
the moft abftrufe and difficult Problems in 

the 



vi The P R E E A C E. 

the various Branches of mathematical and 
philofophical Science. 

The Method of Fluxions was firft invented 
in the Years 1665 and 1666, by that Prince 
of Mathematicians and Philofophers the late 
Sir Ifaac Newton^ then Mr. Newton about 23 
Years old *. It was foon after communicat- 
ed to fome of his Friends ; but^ he gave no 
/2^^//V: Specimens thereof until the appearance 
of his immortal Phihfopbia Naturalis Prin^ 
cipia Mathematical printed in the Year 1687: 
The celebrated German therefore, Mr, God-- 
frey William Leibnitz to whom it was hinted 
in 1.676, applied it ii^ the uWa ^ruditorum^ 
printed at h^ipjic in 1684, to a few Problems 
de Maximi$ et Minimis and Tangents to 
Curves, and claimed the Invention himfelf -f*. 
T heir Notations indeed are different ; 
^nd, Quantities being by both, in Effed):, 
confide^ed as produced by continual Increafe 
^fter the fame manner as Space is defcribed 

by 



* He was Born December z^. 1642, Knighted in 17059 9nd 
Died March 20. 1726. 

f See Raph/an*s HiftoTy oi Fluxions^ printed in the Year 
171 5; » 01*9 the Co?nmercium Epiftmcum^ publiihed by Order of 
the Royal Society in 1722 ; wherein, Sir I/aac is ftuly proved 
the Original Inventor 'of this noble and moft deugbtful 
Method. 



Tbe Preface.* Vii 

by a Body in Motion} inftead of the Velocity 
with which a Quantity varies or flows at any 
Point or Term of the Time in which it is 
fuppo^d to be generated, called by Sir Ifaac 
a Fluxiony Leiinitz takes the Increment^ or 
little Part generated in an indefinitely fmali 
Portion of Time, and calls it zDifferential*. 

Several excellent Treatifes have been pub-i 
liihedr on the Subje£^ ; but, as th^ appear 
not calculated to introduce the young ami un« 
aflifled Beginner into this abftrtife and diffi- 
cult Science, in order to his underftanding 
them a plain znA t^Sy Jntrodu^ion ieems ta 
be necef&ry ; and for that End the follow- 
ing Sheets are chiefly defigned. 

This Traft is ditided into three Parts; 
tYitfrJl treats of the JD/r^ Method of Flu- 
xions > in which, from the generated Quan- 
tity or P/uent being given, we find the F/»- 
xion ; ahd the fecond of the Inverfe Method; 
wherein, from the Fluxion being known, 

-■ — ~ ws 



• Liihnitz denotes the tUfferential of any vatiablc qnan* 
ttty ip by ^ : ttod 5ir '^faac^ generally, for itls Fluxion writes 
X ; bat in his Principui towing qnancides are exprefled by the 
capital lettei%» h^ fi>i Uz, and their Fluxions or Jncremeuts b/ 
the correfponding fmall letters a^ b^ tSc. 
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we fihdr iha.. !?&«»« * ; . tic: tJIf'^J. 'cmtf^n^ 
mfedhntouii ^^mt with tb«r iHtrf^P'- 

witft. pftjjrfifety; fce'inferted m: tbef Jprm«r 

In this Third Edition -f- are many ^</dr/- 
tiint'3ioA'Ahtriitiiiftf. .^fec Qmftru^ims sxt, 
in: general;: iV"^ it ,- ?n. ;.a Wpr^, It con- 
two*. p«i^wf>^, a: vane^j fpf Tiding* not to 
l*::'fo(to«4'*w. any:.:9tfe«i?; Trafik^^on the 

sutjeaj..: : - ,, ,. .: 

Jar -oxi^tf: to a thprot^h undefftariding 
of this IntrgduSiion^ it -Is rdquifite, , thiat 
the Learner Se well acquain'tecf witli * Arith- 
mctjc^ JUgeb^'a, •. GeoiC5«|:ry^ „-Plane-Trigo- 
^qmetry^^.CQnic-Sfft^n^^f. and the. Natyrc 
c^r.ltjogwithms, .BwV;a? geometi^il ami 
ajgebrgiijcial Txeatifes, • ia general^ |iVe not 
jhe Ddfaxptions, !and from thence the dc* 
'.'.:*' <lu£lion 

> i i r ^ III I ., 



* • * The Dir4^ Method of Fliudoxis« Sk% delivered by Leih- 
mtxy is, hy For tigners^ called Calculus J? ifferents alts ; and the 
/j!rvfiy^*Me^hod^ -Gaicuikf IntegraHs. . 

t The Fiff Eilifii>n Vim prin^d in the Year 175 r; ali4 th» 
'S^otf^y wdn'Ah€raUi'9nt zaA Jd^ift^nfM Ui 1757.— Cuts. 

I TKofemar/. 3;, 39^ 78, aod 16, «ii^ bo feco ia otlwe 
Book*. ^ 






lauftioh of the Properties, of feme Curves 
to be found in the following Sheets ; nor 
the Methods of reducing Quantities into 
Infinite Series, arid of Noting their Powers 
Und Roots^ hecellary to ha ufed ihfuxional 
Tra6ts; therefore^ thefe Deficiencies are here* 
in fupplied, though they do not immediately 
relate to the Bufiiiefs in Hand« 



John Rowe« 
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on A P. I. 

QT /i&^ Principles of Fluxions, and of the 
New Notation in Algebra, • 

N this Doflriiie/ Quantities are ftip- 
' pofed to be generated by continual 
increafe, after the manner of a Space 
which a body in motion defcribes. 

. Thus, a Line is fuppofed to be! generated 
by a Point in motion^' a. Superficies Vby a 
LpCj^ and a Solid Jby a Superficies. 

' B 2. The 




< ■ 



a ^ Introduction /^ /iS^ . 

2. The Velocity with which i Quantity 
fiows, or is generated, at any particular point 
oi: term of it» is called the Fluxion of that' 
Quantity aft that point or ternf « 
tig. 'J^i^i tf ^6 ftfppofe the indefinite right 
I. /fine A Z to move wi^ a parallel Aio^ 
a^. tion alohj^ the axis A X, or, fo as always^ 
to bb |)ara9el to it's fiiil fita^ioli } ftid, at 
the faine time, at point to move from A 
dong the &id fine A 2 fo as to geheiate^ 
or always to be itt the curve A Y : Then^ 
the Vdocity ^th #hich the end or point A 
of the lifife A 2 arrives at any point C, or, 
.«rhi£& is the &ine, the Velocity with v^hicb 
the axis fiovi^ ot % ^e^ted at any |>arti- 
tular pbii^ C, h <^\sA the Fluxion of the 
axis at titeat point ; ^d the Velocity with 
whi^h th6 point moves along the line A Z 
at any poiit B, that is, the Velocity with 
Which the ordinate ftows or in^reafes at any 
^oint B, h called the Flaxion of the ordi- 
;Aate at that point f aftfo, the Vetodty v^ith 
V^hith the point generates or xAoves along 
the cufve at any point B, ft calfed the 
Fluxion of the curve at that poiilt s like- 
. v^ife, theVelocity, or degree of quicknds, with' 
which the cur^neal fpace A C B flows or 
k jieneraled by the Ene A Z at any tent^ 

CBy 



DbcTRXN* (ff FtUXiOK> I 

C B» is called the Fluxion of the faidcurvU 
lineal fpacc at that term. 

3, Now, if the Vekucit^ wkh which any 
jquantlty flows> or k generated, be at every; 
point or term the famc]^ that \%^ if it be neir 
ther accelerated nor rdtarded ; the F^iudoa 
,of it will likewife be at every pcMnt or term 
the fame. But if this V^ocity be continnally 
increafed or diminiihed'i then there will be 9 
/certain degree of Vdocify^ or Fiuxioni pccUf* 
liar to every point or term of the thii^ d&f 
fcribed: And the Velocity whereytritl^ th|^ 
faid velocity, at any point or term, is dd^er 
accelerated or retarded, is called the Fbdpciog 
of the FluxtMy or the SefiQnd Flexion. And| 
again, if this ^cceleratioii or retardation be 
ifiot uniform, but is continually vary ing ; op 
jthe velocity with which the quantity fiowy 
fioes not uniformly increase or decrealj^; then^ 
the Velocity, or degree of fwiftnef$, with 
which this acceleration or retardation either 
fncreafes or decreafes, is c^fd the ^rd 
pltfxipft. And fo on. 

4, The indefinitely fmall Increafe of ^ 
Pijiantity, generated in an indefinitely fmal) 
particle of time^ is galled tl^e fycrement of 
that Qtuantity. 

Br 




4 -'^ lNTR0t)UCTION to the 

Ffg. Thus, if we ftippofe b c indefinitely 
3. near and parallel to the ordinate BC, and 
4* Bn parallel to theabfcifs AC; then, Cr, or 
it's equal B», is called the Increment of the 
abfcifs AGs nb thb Increment of the ordLr 
nate C B ; Tib the Increment of the curve 
A B ; ^and C B ^ c 'the Increment of tl^e 
curvilineal fpace A G B. 

5. Now, if > rf be fappofed indefinitely 
near and parallel' io be, and br equal and 
pai'allel to Bn or cd-, then, the Difference 
between n b and r ^ is cfalJed the Increment of 
the Increment, br the Stcond Increment ; that 
is, the Increment of fi by or Second Increment 
of C B. And; again, if ^ / be fuppofed in- 
definitely near and: parallel tp ed, and et 
ecjuai' and paraller to ^ r or df-, then, the 
DifFifrence between the Second Increment 
and that of r ^ ajid /^,' is called' the Tbird 
Increment of CB. And fo on. . , 

6. Nofe. When "a Quantity, inftcad of 
increafing, is continually diminifhed j then^, 
the indefinitely fmall Particles by which it is 
leffeijied, are not, properly, called Increments. 
h\jiil)ecrementu And' both Increments ana 
^Decrements are fohjetimes called J^om^nts, \ 

' ^ ^ 7. Now, 
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J 



-7.' Now, ifVWfiippofe^h^abfcifs, AQ 
fe" flow oh *^' an uniforai motion, or 
equal parts of it tt> be generated or dc-^ 
icHbed in equaP times ; it's Increment will^ 
accurately cxprefs or be exaftly as it** 
Fluxion 5 fince velocity is- always expreffect 
by, or is as the fpace uniformly defcribed iit 
a given time Y And therefore, ' if the Curvtf 
B ^ did exaftly cdiniJide with the Tangent op 
right line T B G, it4s evident, that thert, th« 
Increments B;^ and- tn would likewifebtf 
deicribed with uniform motioi^i and thi 
fame degrees of velocity^iyith^ which tbd 
Qvltvt and ordinate refpe6llvely flow at the 
point B ; that is, the Increments B 6 and^iy 
woutd then be accurately as the Fluxions ^ 
the curve and ordinate at the point B. But^ 
fititsd/not two points of the CuiVe are coki-; 
ddent with the Tangent^ and confequentlj^ 
the velocities witH. which the Inciiements are 
generated are coatihually varying in everjjr 
point; therefore,thdInQremeatsandFluxi(»i9 
are not in an exa£t proportion to. each othef $ 
or, tilie Increments! do not accurately meafure 
the Velocitiea or JFluxions with which they 
begin to be generated • However, as the 
point 6 is continually nearer to a coinci-*^ 
deh^e with the Tangent GB the nearer, it 



4 Jh Introdvctiqm t^ th^ 

fppcos^cbes thep(»nt of omtad: Bs. fg there-p 
fprC; jif we conceive the ordinate r ^ to cnova 
jbacjk: until it coincides with C B } then» thit 
srery firft moment before it's coinddence, th« 
^urve B b and right Hne B G will be in6nitely 
or rather indefinitdy near to a coixKidencf 
with ^ch other; and confequently^ in thi^ 
caCp» the Increments B 6 wd i n will corns 
Indefinitely near to n^afune the Fluxions of 
^b curve and ondinate^ or the Velqcitiie^ 
with which they i|ow a^ the pojmjt B : Or, 
becaufe the particioi^ of t^e in whidi any 
Increments 2(tp generated are fupppfed to be 
indefinitely fitiall, ^d confequently^ jtheac*^ 
celeratipn or* retardation of the Velocttiet 
with whidv tkey are generated muft .be io 
too ; therefore^ they are indefinitely nsarih 
jH-pportion to the Fluidons of the qiiai^tittf^ 
pf whiph they are Increments ; fiiit^ whni 
^Mm, from that of Equality) are but indf 7 
initely little, or le(s than can be a$gne4» 
they may be coniidered as Equal *. Hence 
therefore, the Increments msky be taken a$ 
pipportional t^, or fpr the Fluxions in all 
operations ^ ^nd, on the contrary, the pipx- 
ions for the Increments. 
'• • J 8, Thoss 

^/L™f ^^ afl^wca by ^f anient ^coittctnciaiw, E»eH 



Doctrine tffivti^ivii^ f 

S. Those quain^es which kft fuppofed tof 
ii«w, or to be generated by contintiat ini 
dreafe, as the abftifs arifd ordinate of tf 
ctirve> ire tailed Fkents^ and nmriaUe of 
filming qiiflhtities r And thofe vrhkh ne^ 
tiier increaie nor decreafe^^ or adtidt of nv 
vi^ation, as the ^araniefer of a conic-fee^ 
tk>n: and the diameter of a circle, are ctaBeil 
Jbctd^ gii)en, KtiA imariabk <]^antitift8. 

9. Tb£ Banning of the AIpha$>et, vi2; 
By hy r, 9Si. k m(ed to exprefs Invanabld 
Qnatiiities i and the End of it, vvi. z,y, x^ 
&c. Variable or Flowing quantities. 

10; The Fhixion of any variable quan* 
tity *, is denoted by x ; if s Second Fluxton:^ 
or the Flnxioa of x^ by x ; it's Third Flux* 
ion, or the Fluxion of x, by 5 f antl fo on. 
Alfo, the Moment Increment or Deere* 
ment of x^ is dehoted by x' ; if is Second Mo* 
ritent Increment or Decrement, or the Mo? 
Aient Increment or Diecremeiit of x', by x''^ 
and fo on. 

11 . The Fluxions and Moments of Inva- 
^able quantities, viz. of ^ , 3, c^ &c. are evi- 
dently =i2 o. 

12. Those Fluents which are generated 
hi the fame time, or in equal times, or which 
h^S^ together and end to|;eth«rt are called 



8 Jn Introd'Uction rt tli 

iMleinporatyFlu&Ats ; ahd the Fluxion^ of 
th^fti contemporary Flu^ts^' are psdled^M^ 
temporary Fluxions: Now, it is evident, if 
two or more of thefe contemporary Fluents 
^e always equal, or in any invariable ratio 
to each other, that their contemporary Flux- 
ions will likewife be equal, or in the fame 
proportion : : And that, on the contrary, if 
two or more of thefe contemporary Fluxions 
<are always equal, or in any invariable ratio ^ 
to each other, their contemporary Flucpts 
will likewife be equal, or in the fame pro^ 
portion. 

W E come now to find the Fluxions of 
'FluentSy or the Velocities with which Flow- 
ing quantities increafe or decreafe at any 
points or terms afligned: the Bufinefs of 
which is called the DireSl Method of Flux- 
ions. But, before we proceed, it may, per- 
haps, be Neceffary to treat of what is called 

The New Method of Notation in 

Algebra *. 

' ' ' . 

"* 13. In Suirds, the Index (hewing the 
Height of the Power to which any given 

quantity 

• 

^-■•— ■•"^^————•-^— ——lip— ■•«-•— —■—^■-——■— ■««——-■« 

• This was invented by the late celebrated Dr.' WallU^ and 
firft publiihed in his Aritbmitica Infinhormm m the Year 1656* 






qtlsintity is to be raifed, is here pkcred as tht 
Nunlcrator of a Fraftion, whofe Denomina-* 
tor is the radical fign or Index (hewing the 
Root to be cxtra6led *. 

Thus, \/lFii expreffed by x s aftdv/ JIp 
t 

Alfo, r-T^ is expreffed by -L. br *' 

V 'f XT. 



Vtf-|-X tf+XlT 

Now, in any geometrical progreflionj 
whofe firfi teriti is unity^ or i ; if we take afi 
arithmetical progrtffion, whofe firft term 
is o, and whofe fecond term, or commoh 
difference, is the Index of the quantity in 
the fecond term of the geometrical progref-- 
fion ; theni the number in any term of the 
arithmetical progreffion will be the Index of 
the quantity in the correfponding term of 

the 



pftMltaMMMMrfHMMMaaHiManiMMMd^MMM 



^ This Fra^on is called the Indtx of the Power, and thit 
(iiren quantity itfelf the Rqvi of the Power. 

\ The propiiety of ding mg^infi Indices is evident % fitf; 
to dividie any Power of ar by x, is only to leilen the |ndcjt of 
the Power by i ; or^ to fubtra^ the Index of the Denominator 

from diftt oTthe Niunerator. Thus, _ is =: «* i Z^ i«»»' 
or^r; ~b2Sir«rtirf!is56JC**-% thaib/iiiaii^^ 



lo AnlsTKODvcTiojU'to the • 

the ^ometrical progreflion : .And ther^pfp; 
the aritiimetical mean between the numbers 
in any two terms of the arithmetical pror 
• fi^rpflion will be. the. Index of the geometrical 
mean between the quantities m tne two cor- 
refponding terms * of the geometncapl pro^ 
greSffion. 

Thus/ in the geometrical progreffion i.x». 

13c^x^x^x*•^^ ®^r. where the common 

multiplier is x*i if we take the arithmetical 

prbgrettion o— i.^. 2.^.*^. ^c. wherein 
r. z z 2 . > . . I. 

Iho common difierence^ or qu^n£ity added^ is 
ii the number in eitha* term of the arithme* 
tic^I progreffion IS the Index of the quantify 
in the correfponditsg termr of the geometri- 
cal progreffion : And, the arithmetical meah 
between the numbers in any tWo terms of 
^ the arithmetical progreffion is , the In^iex bf 
•the geometrical mean between the quantities 
in the two correfponding terms of the geo- 

'metrical prtfgreffion. For inftancc, 'i tne 
"^ 4th term of the arithmetical'progrelfibn/is 

the Index of a:*, the 4th, term of the geo* 
metrical prdgreffion : Aiid, tTie" arifhmetital 

mean between -i aria ^, the 2d and 6th 

2 2 

terms 



Doctrine ^Fluxions. ii 

« 

Mrms 6f the arithmetical progreffion, which 
is I, is the Index of the geometrical mean 

between X* and x*, the fame two terms^of 

the geometrical progreQion, which is ^. 
Or, in the defcendinig 'geometricari>xo- 

F 



^ r , I I I I 1 

reuion, orfenes, i.—p. — '~"^'"jj 



.efr. 



that is, i.x •.;c .x 



••% %0Q %X 

/^r. where the common divifor is x* : if we 
take the arithmetical progreffion, or feries^ 

I . — 2 . — 2. — ^. — 3 .&c[ wherein 4% 

cOimmon diflS^rence, t>r quantity fubtraded, 
is i s the number in any term of ^he arith- 
metical ferieS, is* the Index of the quantity 
tt^ the correfponding term pf the geopaetri- 
calferies: thus, -t-I, the 4th term of the 



o. — -. 
.2 



I . 



^arithmetical feries, is the Index of x * , the 
fame term of . the geometrical £Sries. And, 
the arithriietical mean betwetn any two 
*terms or the arithmeticalTeries; is ihe Index 
cf the geometrical meaii between the fahie 
two terms of the geometrical feries -: as; for 
inflance, the arithmetical meafh betwiien 
i-^ and — i, the ad and 6th terms of the 

ariihm e Ucal fefies, which is-^^^nytfae Index 

Ca of 
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of the geometncal mean between x^ and 

X *, the 2d and 6th terms of the geomctri-i» 

€al feries, which is x *. 

Hence we may obfervc, that, in the In-^ 
dices of PoweFs, -Addition has the effeft of 
Multiplication on the refpeflive Roots, and 
Multiplication of Involution ; ^nd, e contrtu 
Subtraftion of piyifion, and Divifion of E- 
volution: or that, in. a word, Indices of 
Powers are entirely Logarithmical with re* 
gard to their Roots. 

, Sothat, ^»xx^issBsA^*+'*s3=A?% jc^lisflst 
>c?^»=x*, ilis=:;c^-J = ^% y^*is9=x* 



rp: X* ; and x* x y * is = ;c* '==: x , 

Fr'is=**^-' =z x:^\X^^ IS =1 X^'^-^^zz 

f 

fT^ : or, Univcrfally, x^ >ex^ is a=s x^**, x*^ 

x"- • _ _ ■ 1 "Tscr . C 



*"; 



is = x"*, — is =;= x«^, and x^ is 

where note, i» and n reprefent any affirma* 

tive or negative whole-numbers or fradtions 

whatever*. 

If 



/" w»^*r^ 



* Thcfe Indefinite Indict! were in^uf^d by the great Ift- 
yentor of FlnxionSf 



J 
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Ir what has been fiud be duly con(idered« 
no difficulty in this Nev NoWion will occur } 
the knowledge of which is abfblutdy nece& 
iary, in order to the well underft^duig the 
following pages, 

CHAP. II. 

Of ^nding the Flittcim of a ghen Fluent* 

Rule I. 

14* To find the Fluxion of a Simple Fluent^ 
or, of^ that wherein there is but One va- 
riably letter or flowing quantity* 

Mark the variable letter or flowing quaOi- 
tity with a dot oyer it : and you will have 
the Fluxion required.' 

Thus, the Fluxion oi axisissLax. 

For, if we fuppofe the variable re6langle „• 
A B to be generated by the given line C B ^^\ 
fetting out from the fituation A D and mov^ 
ing along with a parallel motion between the 
parallel and indefinite fides A C and D B i It 
is evident, the Velocity with which the recr 
tangle flows is equal to the generating line 
C B drawn into the Velocity with which the 
point C generates or moves along the line 

AC: 
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A C : that IS, the Fluxion qf the. rcftangJe 
A B is equal to the invariable line C B drawn 
into the Pluxion of the flowing or variable 
fine AC. Therefore, if A D or C B = a, 
and A C or D B = AT J then, the Fluxion of 
the re6tangle ax will ht=::axx=tax. 

Rule II. 
15. To find the Fluxion of the Product of 
two or more flowing quantities .drawn 
into each other. 

Multiply the Fluxion pf eafh (quantity 
f?pjarately, by. the qth^ or the . produft of 
tile reft oX the quantities t and the Sum 
of thefe produfts will be the Fluxion re- 
ijtiirfd*. 

:Thus, thaFluxiqn ,of , x^ hjs=z^ xy ^ ny ; 
the Fluxion of x yzi^ ,:;=zxy.z -{-xyp;^ 
xy z ; and.^e^ FJuxiQn Qiv.xyz is ^vxyz 

^/0.xyZr:\-.%Xy9.':{',V,XyZ. . 

Fi]t. * ^ • '^^^^ ^^^ 'Flu^i^ pf.xj, is^^ 35 
,**^j^.+^^,.irwy:thus;;be pwved- ^upppfc 

.a 

•' The Common Methods of proving the truth of this ftule, 

-'^Iv^^Pxbyi^?:^ Pfl^'^^^^^J^K y^^.J^f^y attacked bjr 
thf .late acQte Dr. ierie/ey, 'Bil^op of Cl^ne^ in a Pamphlet 

^tiiSiedk^beAnatyfi^^ piiftted in Ae]5rear^:i734: B&t, tistm. 

^l^qBs^ it ijs p^umedj,. z^&, by nq pf ap^«*4pplicaj)lc to the dc« 
mQnfiratlons here^given: On tlie contrafj; itf is hbtdoubted, 

;bfit th^. rtafctoittjiftcrcj .adjraBfci wiltbft jrflpiwd , toJb€ fei^li'- 

^£c^ 4^r ana conclttfive. ^ 



I 
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line, coincident witK tlie indefihite tigtii 
ne At*", to nidve witli a paralfel motioA 
along the indefinite right line A E perpendi*- 
cular,to At*i and at the fame time, anolfier, 
cbincidc^it with the line A E, to move with 
^ parole! mbtibii along the line A^ ; an^ 
^^at the laid iwjo lines move Witt ixicK dilF- 
rer^t degrees of velocity as that their pbint^ 
pi. mterfeftibn be always in t^e curve A^, 
'i'hrougli ahy point ^ m the curve, 'draw CH 
^rallel to AF, and DG paralTel to Al, 
Then, by the line moving along the liiife 
A te will the cumliheal {pace A ferdricj l:i(> 
ta^Ie bJE be^g^^^ ^nd1by%!i^e 

jmoving albng the fine A^ 'the cufViliridil 
Tpace AF I arid r^flangle CT m^^ 
l^iated. Now, before^me line movirig,;^^^ 
.the line A E arrives iat the lituatr6h C^lf, ft 
is fevident, that, the ciirvUineal fpace A fe I 
Vill iiicreafe 'flowerj or, flow with a*lefs 36h 
*gree of velocity, than the reftangle t) E, and 
^afterwards fafter, or With a gireater degree of 
velocity s therefor^?, at the termCfe , they will 
flow or increafe with one and the fanje de- 
gree of y^ocity :^ Sc like wife, the curvihneal 
^ fcace A F'l will flow or inciJcafe 'flower, ''gr 
with a lefs degree of velocity, 13ian the rec^ 
. tangle C F, ocfore the generating fine, mov- 
ing 
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ing along the line A F, comes to the (itiU^ 
tion D G ; and^ afterwards, fa^er, or with t 
greater degree oi velocity ; and therefore, at 
3ie term DB, they will inCr^aTe or flow with 
an equal degree of. velocity. That is, th6 
Fluxion of the curvilineal fpace A E I is^ at 
the term CB, equal to the Fluxion of the 
re£^angle D E at the fdd term C B ; and, 
the Fluxion of the Curvilineal fpace A F I is^ 
at the term D B, equal to the Fluxion of thft 
redangle C F at the fame tefm D B. But^ 
{art. 14.) the Fluxion of the rectangle D E^ 
at the term C B, is equal to C B drawn into 
the Fluxion of AC| and the Fluxion of the 
tedtangle C F, at the term D B, is equal to 
D B drawn into the Fluxion of A D. Hen£e 
therefore, the Fluxion of the lowing re<:« 
tangle A C B D (or of the Aim of the twO 
curvilineal fpaces ACB and ADB) is equal 
to C B drawn into the Fluxion of A C, 
added to D B drawn into the Fluxion of 
A D : that is, if we put AC or D6 = st^ 
and AD or C B =^, the Fluxion of the rec- 
tangle xy win be r=ixy -[- xy. 

a^. And, that the Fluxion of ;^^2 is sss 
xyZ'\-xyZ'^xyz, ihay thus be proved. 
Let the length, breadth, and depth, of a pa- 
ralidopipedon, be reprefcnted by x,^, and z^ 

re- 
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refpeftively. Nowj this parallelopipedon 
will be equal to three pyramids, whofe bafes 
are xy^ x Zy and y Zy and altitudes z, y, and x, 
refpe6lively * : and therefore, {art. 12.) the 
Sum of the Fluxions of thefe pyramids will 
be equal to the Fluxion of the parallelopi- 
pedon xy z. Let either of the pyramids be . 
reprefented by A E I or A C B, which fup-^^^* 
pofe to be generated by the variable plane 7* 
A F moving with a parallel motion along 
the indefinite right line A E ; and, at the 
fame time, let the parallelopipedon ADGE 
(whofe face A D or E G is equal and fimilar 
to the bafe of the pyramid at the term C B) 
be generated by the plane A D always coin- 
cident with* the plane A F. Now, it is plain; • 
that, the pyramid will increafe flower, or 
flow with a lefs degree of velocity, thaa 
the parallelopipedon, before the generating 
planes arrive at the term C B, and after- 
wards, fafter, or with a greater degree of 
velocity ; therefore, at the faid term C B, 
they will flow, or be generated, with the 
fame or an equal degree of velocity : but, 
it is likewife plain, that, the velocity with 
which the parallelopipedon is generated, is 
equal to it's face AD or C B drawn Into 

the 



♦ 7 E. 12, Corol. I. 
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the velocity of it's motion along the line or 
fide AE 5 therefore, the velocity with which 
the pyramid is generated, is, at the term 
C B, equal to it's bafe C B drawn into the 
velocity of it's motion, at the point C, along 
the fide AE : that is, the Fluxion of the py- 
ramid A C B is equal \o it's bafe C B drawn 
into the Fluxion of it's altitude A'C* Hence 
therefore, when the bafe is xy and altitude Zy 
the Fluxion of the pyramid is z=i xyxz z=^ 
xyz; and when the bafe is xz and alti- 
tude yy the Fluxion oi it is=zx zxy^nxyz; 
and, laftly, when the bafe is yz and altitude 
x^ it's Fluxion is =yzxx:=xyz. Con- 
fequently, xy z -{■' xy Z'^ x y z (which is 
the Sum of the Fluxions of the three pyra- 
mids,) is = the Fluxion of the parallelopi- 
pedon xy z. 

3^. And, hence, that the Fluxion of 
vxyz is = vxy 2? -}- vx y z --{^ v x y z -|- 
-y xy Zy may be thus proved. Put xyz=iu^ 
theij vxyz=:vui therefore, {art. 12.) the 
Fluxion of « is = the Fluxion of xy z^ and 
the Fluxion of i;« is = the Fluxion of 
vxyz; that is, u^^zxyz-^-xyz-^xyz, 
and vu -{- vu = the Fluxion of vx yz. 
Wherefore, by reftitution, or writing x y z 
for «, and xyz-^-xj/z-^-xyz for «, wc 

have 
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^vxyz = the Fluxion of vxy%. 

Hence, 
16. The Fluxion of ^a: is z=ix x '\- xx\ 
the Fluxion of x xxis ^szixxx-i^xxx-^- 
X X ^i the Fluxion oi x x x xis z=2 x x x x ^ 
xxxx-^-xxxx -if XX XX I that is, the Flu- 
xion of y* is = 2 :v;c' ; the Fluxion of x^ is 
= "ix^x-, the Fluxion of x^ is zi= ^^x. And, 
if m reprefents any affirmative or politivc 
whole-number, the Fluxionof of' will be = 
m^T^^x. 

R ir L E , III. 
!/• To find the Fluxion of a Fradjon. 

Multiply the Denominator into the 
Fluxion of theNumeratc^r; from the product 
of which, fubtra6t the Numerator drawn 
into the Fluxion of the Denominator j then, 
divide the Remainder by the Square of the 
Penominator : and you will have the Flu- 
xion of the Fraction required. 

Thus, the Fluxion of — is = .fZ Zlf2. 

y y" 

X 

For, put ;:; = —; then y 2? == x; and the 

y 

Fluxion of this equation {art. iz and 15,) is 
yz-^yzzzzxi therefore, by tranlpofition, 

D 2 y z 
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yz=. X — y-z, and, by divifion, z = ^ . 

' y ■ 

that is, by reftitutiou, or writing —for 2 it's 

X 

equal, z = H^^JX^^lriM = the Flul 

;' r 

xionof-. 

y 

Alfo, the Fluxion of I is =—} the FIu- 

X- x* 

xion of ~ is = rziAf^ J the Flu;fion of 
— is = ^^~ J and the Fluxion of 



IS 



^,— • For, 



1^. Put z =z —', then A:;^; = i, and the 

X 

Fluxion of xz will be = the Fluxion of i, 
which {art. 1 1,) is = o ; that is, {art. 15.) 
pc z ^~x i == o : therefore, x z =z — x z^ 



X z 



apd z =^, ;. or, by writing for z it's 

equal 1, i; = Til — the Fluxion of L. 

X AT' ' ■■ fi 

2?. Put 2; = -L} then, za;* = i : and 

AT* ' 

the Fluxion of this equation {(irt. 1 1. 1 5. and 

' ' ' ' ' 16,) 
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16.) is z a;* 4^ zzxxz=io : therefore, i;x*.=z3 

-r-2 z>:x^ and i; =:^ — 5 or, by wri- 

j^ne-^BT- for it s Value «, 2;=: = ^=z 

the Fluxion of -^, 

%^. Put 2; = — ; then, 2; at' = I ; and 

the Fluxion of this Equation {art. 11. 15. 
and 16.) is 2JAr'-f-3 ^^* ^=^- therefore, 

zx^z=z — 3 2; a;* a:, and 2; = — ^ -, or> 

by writing — for z it*s value, 2;== :^ — r 

g= ^ - = the Fluxion of — . 



AT* a;^ 



V 

4^. Put 2?=:— s then,2?A;+=i3 the Flu- 

x^ 

xion of which Equation {art. 11. 15. and 
16.) is2;A;^-|-4 2;;c^;c'=:o: therefore 2; at* zrs 

^— 4 2; ;f ^ ^i", and z == ^^^ — • thatis, by 



X 



reftitution, or writing — for 2;, 2? = — ^l^ — 



the Fluxion of — • 



^^ x^ 

But; 
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But, by the new Method of Notation in 
Algebra, {art. 13.) 1 is==Ar"-', i-is=;r-^ 

X AT* 

— is=x S — is=a; *: alfo,.^ — is rr -— 
a:*"* :v, !Il£f is =z= — 2 ^iT*' ;v,ZlAfis=: — 

x^ X* 

^ X^ ^ 

Hence, 
18. The Fluxion oi x'^^ is = — x^^x, the 
Fluxion of or"^ is = — 2x""'^, the Fluxion 
of x'^^ is = — 3 x^^ x^ the Fluxion of ;r"* 
is =; — 4 ^iT'^x. And, if /;« reprefents any 
negative whole- number, the Fluxion of a?" 
will be = ^«^*~*:v. , 

R u L E IV. 

J 9. To find the Fluxion of an expreffion 
compounded of different terms or quan- 
tities connefted together by the Signs 4* 
and — . 

Find the Fluxion of each term by the 
preceding Rules ; which conne6l together 
by the Signs of the refpeftivc terms : and 
you will have the Fluxion required. 

Thus, the Fluxion oi ax -\- xy — '^is=: 



cx-\^xy -{-xy 



X y — xy 

For, 
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For, put ax -{-xy — -=.=:i;; then, a x 

y 

4- A? V = V +-• Now, {art. 12.) it is cvi-* 

y 

dent, that, the Sum of the Fluxions of a x 
and xy muft always be equal to the Sum of 

X • • • 

the Fluxions of v and-; that is, ax-{- xy 

y 

^ a:^ = ^ -f- ^•^'^ . y : therefore, by tf anf» 
pofition, ax-^^ xy'\'Xy — — ^ — ^ = v 

y 

X 

=== the Fluxion of ^ a; + a: y . 

Rule V. 

20. To find the Fluxion of any Power of a 
given Fluent 5 whether the Index ^)e in- 
tegral or fraftiohaJ, affirmative or nega- 
tive. 

Multiply the expreflion by the Index of 
the Power ; then, fubtradt i from the faid 
Index, and multiply the refulting expreflioii 
by the Fluxion of the given Fluent, or of 
the Root of the Power : and you will have 
the Fluxion required. ' 

Thus, the Fluxion of x -f- a:*] ^ is =1 3 x 

the 



•4 
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the Fluxion of z a x — x^ is = 1 k 

2 

2a X — x*\*""' X zax — 2ixx :f= z ax — x *]"• 

xax^^xxnz (becaufe, art. j^.zax — x*]""» 
is = , ' ,) ax-xx ^^ ^^^ pj^^ 

2 ^ :v — x^i zax — x'^t 
xion of a -j- ^1"^* is = • — 2 x TTfT^"*"*' 

X ;c' =£= a-j^xf^ X — 2 i=: ^^ ; the 



a. 



Fluxion of X — a\ ^ is = — - xx^—a] ^ 

3 

2 \-4- . ! 2 . 

XX=: ^-X X a\ i X X = X -AT 

3 



X — a] 



i 

3 



2 :v 



— . And, Univerfally, the 



^ . m 



3X^ — ^1 

Fluxion of ;«; r is = — X x^^^ x x 

n 

^xT^^ X :=-^ X n X', where, note, either 
n n 

m or /;, or both m and «, may be either in- 
tegral or fra6lional, affirmative or negative $ 

and confequently, the Index _, expreffes, 

or reprefents, any affirmative or negative 
whole-number or fraction whatfoever. For^ 
by art. 16 and 18, li m reprefents any affir-.; 

mative 
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rpative pi^ nejgf tive whole-number, the Flu- 
xion of oC^ will be = /w^r-' ;c ; and there- 

fore, if-Wefupptffe>:ifi=:jfr, orj which is the 
fame, >»i=y", .aad «,to,be, any affirmative 
or negative whole-number like wife, by art. 
j^v the. Fluxion lofj^iyill be = the Fluxion 
of jc» 'r th(at is, « >»r:'xi=- mid^^^k; which 

i^qu;ati6n aividdd l)y «y7 • makes jJ = 

tKat is, *by Wrlfin^ a:? for > it's value, ;/ 









=s — x^^x^zzi: the Fluxion of ;c« : and that 

eitner m or /?; 6r both.^ attd ;7, ftiay repre- 
fent any,fra6lions as well as whole-numberis, 

is plain, fince — reprefents the quotient of 

' n . 

%ny wnole-niimber divided by another, and 
may be taken for a New m or n ; and fo on 
^ infinitum : therefore, Univerfally, &c. 

IR. U L E Vl. 

■ • f w 

ii. To nhd the Flaxioh of a Logarithm. 

^ TflE -Fluxion of the Hyperbolic Loga- 
rithm of any qu^tity, is eqyal to the Flu- 

E xion 
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xion of that quantity, divided by thfe quan- 
tity itfelf. * 
Thu>i tlif5 Fluxion oi the Hy^. tog. of x 

is =t:-. (See Part^. '^ejl. 8;) 

: NoW, isis the Hyp; Log. of io {vhs^ 
18.36258 &r. See Part 3. ^^. 5).) is.tb^thtt 
Gommon Log. of io\viz.i.) fois the Hyp. 
Log. of any number, at, to the Commbn 
Log. of the fame numbfer, x 5 that is^ if we 
put L = 2.30258 &€• as L : I : : Hyp.Log. 
©f XI Common Log* of ^. There forej {^. 
12.) L : I : : Fluxion oF the-Hyp. Log. of a: : 

Fluxion of the Common Log. of *. 

• • 

Hence>: L : I : ;.-,: -*- == the Fluxion of 

X ijx 

• ' r 

the Common Log. otx\ or, bccaufe— - = 

L 

.0.43429 G?r. if .we put— = M,. then the 

' JLi 

iFluxion of the Comtabn Log. of x (viz. JL) 

LjX 

X 

will be = - X M J that is, the Fluxion of 

X 

the Hyp. Log, of any number multiplied by 
("M or) 0.43429 &c.- is =r the Fluiion of 
the Common Log. of the iaid Number. 

SCHOi 



j 
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Scholium. 

22. Though hitherto we have fuppofed 
when one variable quantity in a Fluential t 
Expreffion increafes, that, the others, if any, 
increafe likewife : yet, it often happens, that 
Ibnie of them decreafe while the others in-, 
creaie ; in which cafe, the Fluxions of the 
decreafing are negative with refpeft to thofe 
jof the increafing quantities : and therefore, 
the Signs of the terms affected with them 
ought to be changed. 

Thus, if whilft x increafes j^ decreafes, the 
Fluxion of the redlangle xy will be exprejSed 
by xy — xy. 

For, let the flowing or variable rectangle F/^g-- 
A Ei be continually increafing by the paral- 8. 
lei motion of the variable lin€ C B moving 
from the fituation A F along the line A E ^ 
and be continually diminiftiing by the mo- 
tion of the variable line D B, parallel to the 
line A E, and approaching towards it along 
the line F A ; that is, let the fide A C = 
D B continually increafe whilft the Side A D 
ci=: C B continually decreafes. Now, put- 
ting A C =2 X, and A D =: ;^, it follows 

from 

* By a Flaential ExprefTion is meant that which contains 
' one, twO| or more variable quantities. 
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from art. 15. dem. 1^. that the Fluxion of 
the Increafe will be ;=; xy., and that the 
Fluxion of the Decreafe will be = x j^ : 
therefore, the Fluxion of the Decreafe fub-- 
iratled from the Flu>fion of the Increafe, 
leaves the Fluxion of the redangle x y or 
the .Velocity with which it flows ^= xy 

If what has been faid be well underAood^ 
it is hoped,, the Learner will meet with few 
difficulties in the Applica.tion theceof s to 
which we now proceed. 



w * — 
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Of dranpi^ng Ta/Jgents tq Curves^ 

23. A Tangent i§ ^ right line whicli coin,- 

cides with 2l Curve in a point, and there 

fhews it's Direction, that is, the Inclination 

it bears to the Axis or the Anele it makes 

with the Ordinate, 

pl^^ Thus, if the right line T B coincides with 

o the Curve A Y ^t any Point B, the f^id line 

10. is a Tangent to it at that Point : and, be- 

caufe no tsvo lines can coinckle unlels they^ 

Jbave the farpe direftion, therefore, the di- 

' . ' . reftion 



■A 
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reftron pf T^^e Tangent is properly the direc-. 
tion of the Curve at the point. of contadt. 

Now, in general, wh^t is requifite in or- 
der to draw the Tangent to any point B, is 
to find the right line C T, called the Sub- 
tangent \ or, the diftance of the point T 
from the ordinate C B through which the 
Tangent muft pafs. And to effect this, 

24. Let cb\yt fuppoled parallel to the or- 
dinate C B, and B n equal and parallel to Cc: 
then, if the line ch be removied towards C B, 
in a parallel motion, until it coincides with 
it ; the moment before it's coincidence, the 
triangle B « ^ will be in it's evanefcent State ; 
or, which is the fame thing, if the faid two 
lines be feparated from their coincidence, 
the very firft mortient of their feparatibn 
produces the faid triangle in it's nafcent 
Hate; and in that moment, the line nb^ 
terminated by the line B n at one end and by 
the curve at the other, comes indefinitely 
near to touch the Tangent T B produced : 
confequently the triangles hn^ and B C T 
come then indefinitely near to fimilarity, and 
may be confidered as fimilar: wherefore, by 
^E. 6!^» : ;^B : : BC ; CT; that is, 
(putting the abfcifs A C = x", the ordinate 
CB=;^, Cc = B'»=:;c' and bn=zy'\) 

3'- 
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/:x'::jf:lL?: = CTj or, {art. 7.) yt 

3 
Or^ Svippofe the indefinite right line A Z 
to move with a parallel and uniform mouon 
along the axis AX; and, at the fame time, 
a point to move from A along the faid line 
AZ with fuch velocity as always to he in the 
curve AY: then, when the line A Z eome^ 
to the fituation C B, If the point moving 
^long thereon were to continue on with an 
uniform motic^iy and the fame degree of 
velocity with which it arrives at B, it i$ evir 
ident it would move along the Tangent T B 
poduced ', and therefore, when the point A 
or C arrives at c, the point moving along 
the line A Z would arrive at m : and, he- 
caufe velocity is always as the fpace uni- 
formly defcribed in a given time, therefore 
Cc or Bn will be as the velocity with which 
the point A moves along the axis, nm as 
the velocity with which the point moves 
from B along the line AZ, and Bm as the 
velocity with which the point defcribes the 
curve at B or moves from B to ;z7 ; that is, 
Cc or Bn will be as the Fluxion of the 
abfcifs AC^ nm B,s the Fluxion of the ordi- 



nateCB, and B/» as the Fluxion of the 
curve at the point B : but the triangle§ 
tHAB ahd B C f aire fiiilikr i therefore, by 
4E. 6. 'mnhnBi : BC : C T; that is, th^ 
FluKion: <^ the (Hrdifiate : the Fluxicm of 
the abfcifs : : the ordinate : the ifubtangent ; 
oFj': (jHitti»^ the.al^dfs AC'ss^') and the 

ordinate C B 2=;/,) j^ x x 1 1 y i^^CTi 

is before. 

25. Now, -^ » a General Expreflion for 

y 

the Subtahgent of every tiirve Whofe abftili 
is X atld ordinate y \ but, as it is 6inbaraflfe<f 
with thb Fluxions of ^ ahdy, fo the wh618 
Bufinefs is to exterminate them : and to do 
this, put thfi Equation of the curve into 
Fluxions • from which, or from other pro- 
perties of the curve, find the value of x in 
terms that aire all affected with jf, or, of y 
m terms that are all affe6ted with x 5 thcn^ 
if for iJ or V wb fubftltute . it's value ^thus 

- - ,» - 

fct^nd, ih this general expreffion, wx. ^ ^ 

we (hall have the Subtangent C T in known 
terms,, or free from Fluxions ^.J^y. which the 
fought Tangent TB, to a given point in 
the curve, iriay be eafily drawn* 

26; 



jX ':4h' Iktroditgtion to tie-* 

. 26. Note. When the Fluxions of y mid vV- 
or of the ab&ifs and. ordinate, ai^e Negativei 
to each other, thatis, when x increafes if ^ 
decreafes j -or -vice verfa ; . then, the.Gcaieral 

Eitprieffibn (^ ) • f6r the Subtahg^ht WlH be 

L^ tl } whefeih, this Ne^tlve figh'birljr fig^ 

hifies, that, the fubtahgcbl: lies on theothei: 
fide of the ordinate with regard to ^h« ab- 
fcifs AT. Biit, in finding theFluxion of the 
Equation of the curve, '^ the Fluxions of x 
and J muft not be confidere^ ^s Negative to 
fach other, if you wpuld have thq fought 
expreffion (or the fubtsjngent <?omc out i^-^ 
firmative. . .' . ^ 

:■.';.": •) :E:X A M PL E ' I. ' .. . 

p. 27. To draw a Tangent t6 ia C/rr/^ *. 

T 1 Put the. radius E A or E D =z= ^7,. abfcift 
AC =i: a:, and ordinate CB =^j then, CD 
'= 2 <z — AT. ■ Now, by' 35 1); 3. A C x C D 
= CBS that is, 2^x — x* = ^*; and this 
equation put into Fluxions is 2 iz &• — 2 0ioc 
1= 2 y J/ 5. which divided by za — 2X, makes 

• - -» • - . , 

* Bj'f the wwd C/Vf^, is jrenerally meiajit the S>pace bounded 
^y a Curve every- where equidiftant from a fixed point-; but 
fometimes the Cur^e itfell. (See Sir l/aac Nfwto^s Afilh'^ 
»eU(a Univer/aiis,) 
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^ =- - — : which fubftituted for x in the 
a — X 

general cxpreffion, for the Subtangerlt, {vizi 
^, art. 25.) makes the Subtangent C Tea 

^ (which, by writing 2 /j at— - at* for it's 

. 2ax—x* 



above value, wz. t*i is) = 

CB* 

— — . Wherefore, if the diftance lignified 

by this expreffion be fet off from the point 
C, in the diameter DA produced, we (hall 
have the point T through which the Tangent 
to the point B mud pafs. 

ConJiruSlion. 

Through the point B defcribe the femi- 
circle E B T : then will T be the point from 
which the Tangent to the point B is to be 
drawn. For, by 3 1 E. 3. the angle E B T 
will be right 5 afid therefore, by 8 E. 6. the 
triangles E C B and B C T will be fitfiilar^ 
«nd by 4E.6*EC:CB: :BC ; CTj \\ 

EC 

F Ex5 
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Example II. 
Fig, 28. To draper a Tangint to a Farahela^ 

'^* Suppofc F to be the focus j and P R the 
parameter^ which put = <7 ^ alfo, put the 
abfdfs AC sc x^ and ordinate CBs=: y. Naw» 
by a well known property of the curvc^ 
PRxAC^CBs thatis, ^;tf=:>*; the 
Fluxion of which equation is ax^zzyy i, 

therefore, x = -ZZ ; which fubftituted for 

a 

ii, makes the general expreflion for the Sub- 

tangent C T (w». tl art. 25.) 3= iZ. 

y a 

(by fubftituting ax tor y* it's value,) 

s= 2 X. So that, the Subtangent C T is^ 
double the abfcifs A C ^ and confequoitly^ 
ATisssAC. 

E X A MPLS til. 

Fig. 29. To draw^ a Tangent to an Ellipju. 

^ ' Put the tranlverfe diameter A D 2= /^, con- 
jugate N O = ^, abfcifs A C z= «r, and or- 
dinate CBs=jr. Now, by a well known 
propeity of the curve, AD* : NO* : : AC 

X'CD:CB*j thatis, «• : ^* : :xxtf — x; 

L 

a* 



I 
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tlx ax-^x* = y* } the Fluxion of which 
a* 

€quati®n is -1 xax—zxx = 2yyi and 



this divided by ~ x tf — a*, gives x = 

^"""yy . which fubftituted for x in ^ 

^the general expreffion for the Subtangent, 
art. 25.) makes the Subtangent C T sa» 

, ^/^V, — -= (by writing -^ x ax — x* 

- ... ,x2tf'^*a? — 2a*i*x' 
for y* AS equal,) . -j— -^ = 

2ax—2x* "Whence we may obferve, that, 
A tT."= C T- C a = ""-"• -») 
t=s ^^ = that Part of the Subtangent 

a—2x 
which falls mtbout the curve. 

Confiru^im, 

Make C v =: C A j ere£l the perpendicu- 
lar A r, terminated by a right line drawn 
from E through v j laftly, make ATara Ar ; 
then will T be the point from which the 
Tangent to the Point B muft be drawn. 

F 2 For, 
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For, by 4E. 6. E C xCfow E A : Ar, that 

>s, ^a-^x .x'.'.^a'. == AT, 

a — 2* 

Example IV. 
^^i' 30. To draw a Tangent to an Hyperbola^ 

Put the tranfverfe diameter D A = /i, 
conjugate N O = ^, abfcifs A C = x, and 
ordinate C B = ^. Now, by a well known 
property qf the cjjrv^, P A* : N O* : : D C 

5< AC : CBS that is, tf* : ^* : : ^ -f ;tfXJ^ 



t^ X tf A?-|rx* ==3 J'* } and, by putting- both 

fides of this equation of the curve into FIu- 

b^ ' ■ .' 

xionSjWe (hall have _ x ^ ^ + 2 jc x=^2jy ; 

therefore, by divifion, x == ^--^ — . -^-^ . . 
• -^ * ab^r\'2b^oc' 

V^hich multiplied by ^ , or, which is the 

y 

fame, fubftituted for x in ^, (the general 

y ^ 

cxpreffior^ for the Subtanjgent, 4rf. 25.) 
make? the Subtangent C T === ^.^l^Zj-- 

. (which, by writing for y^ it's equal — x 



tf x-j-fc* 
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ax + xS is) = r^ -. So that, 

AT, that Part of the Subtangent witffOfft th? 

2ax4r2X* " ax 

curve, is=: r-i — X3=_^ . 

a'\'2x a-f-zx 

ConJiruSiiQn. 

Make C-u == C A ; ere6l the perpendicular 
A r, terminated by the right line E v j laftly, 
make AT = Ar : then will T be the point 
from which the Tangent to the point B muft 
be drawn. For, by 4E. 6. EC : C v : : E A : 

A r^ that is.iaA-xixii^ai — = s= 

^ * ■ a-\-2x 

AT. 

Scholium. • 

31. From the three foregoing Examples, 
it may be obferved, that, in the Parabola (Jig. 
12.) the internal part of the Subtangent, wzm 
the abfcifs AC, is always equal to the exter- 
nal part AT : In the EUifJis (Jig. 13.) thp 
internal part A C is always lefs than the ex- 
ternal part AT: And, that, in the Hyper ^ 
bola (Jig. 14.) the internal part A C is always 
greater than the external part A T* 



Ex- 



[• 
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Example V. 

« 

p* 32. To draw a Tangent to an Hyperbola be- 

j.* twcen it's Afymptotes; that is, taking 

one of it's Afymptotes foi- an Axis. 

Let E Z and E T be the afymptotes] of 

the hyperbola Y A B, whofe vertex is A; 

draw AP and BC parallel to the afymptotc 

l, EZ; then will AP be the parameter and 

tqual to P E, which put = ^ 5 E C an ab- 

[ fcifs, which put s=: xi and C B an ordinate^ 

' " which put =^. Now, becaufe when x in- 

creafes y decreafes ; therefore x and y arc 

negative to each other, and the general ex- 

predion for the Subtangcnt is — ^; where 

y 

the negative fign Iheu^, that, the point T 
lies on the other fide of the ordinate C B 
with regard to E, {art. 26.)- By the well 
known property of the curve, E C : E P : : 



a 



PA : CB, that is, x : ^ ; : j : y • v ;^ = 

yr 

the Fluxion of which equation is x =-,.. .y^^ 

and this value of x being fubftituted for it 
in the above general expreffion for the Sub- 

tahgent, 



. 
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tanffent, vizi ^, makes the Subtangent 

C T = — :^= — = (dv writing x y for it s 

equal a*y) tl = x. So that, C T muft be 
= CE. • 

Example VI. 

33. To draw a Tangent to tht Concboi J of pij^^ 

NicomeJes*. 16, 

. Let fall the perpendicular B H on the 
idymptote EZ, and draw BC equal and pa- 
rallel to HE. Put PE=^, EA = 3=FB, 
EC=:'x=HB, and CB^=;^2=EH. Now, 

4>y 47 E- 1. FB*— .BH^f = H F, that U, / 

i* — jc»]*"= HF J and, because the triaogles 
P C B and B H F are fimilar, by 4 E. 6. 

B H : HF : : P C : C B, that is, ;^ : ^"^^I^^ 

£f |- V — — — — — X JL 

::tf-^x:j^j v;^=— 2-— x^* — ;^*r; which 

is 

*. This Curve is thus generated. — From a fixed Point F, 
which k called the Pole of the Coirchoid^ let a noniber 4»f 
right lines PA, PB, PD, &c. be drawn, catting the right line 

-EZ, which is. an afymptote to the Curve; and let mc dK- 
tunces £ A, FB, G P, &c. be made equal to each other, and 
ft it»e be drawn through the points A, B, D, &c. then wili 

•chjs line be a curve, caUed by it's Inventor Nicoinidfi a 
ponchoid. 
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18 the equation of the curve ; the Fluxion of 

which IS y = -L — X ^* — xM»— — 

X — 1— =. ;^ which 



fubftituted for j^, in — f:?, the general ex- 

y 

predion for theSubtangent when x and j^ are 

negative to each other, {art. 26.) makes the 

^x 

Subtangent CT = ^""[^^f ^^f (which, 
by fubftituting for y it's equal in the above 



equation of the curve, is) 



a^xxb'' — x^'xx 



ab^x-^-x^ 



% 



a-^-xY.b^X — X 
ab^+x^ 



ConJiruSlion. 

Make Bn = PC, draw nr parallel to CP, 
make fv = »r, draw the right line vC, pa- 
rallel to which draw BT : then will BT be 
a Tangent to the point B. For, by 4 E* 6, 
PC : CB : : PE : EF, that is a^-x lyiiai 

ay 



i 
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J^r^ ,= EF J and BC : CP : : B« : «r, that 

IS, y : rf-[-* : : a-f-x : — — s= «r 2= Fv; 



:vE'y = (EF+ Ft; = ) ^^SEL. 
Again, vE : EC : : BC : CT, that is, -^ 
•4. 3i!: :,;::;,: i^£^^=:CT. But. 

by the equation of the curve, y* =—^-7— x 






i>*—rx^ } which fubftltuted for;'*, makes CT 

a-\-xy.b*x — x* 
ab*'\-x^ 

Example VII. 

34. To draw a Tangent to the C{|^^/V of ir^V. 

Diodes'^. \j. 

Let ABD be thi Giffoid, whofe generating 
fcmicircle is AFE, and afymptote EZ an in- 
definite 



i^^bmt^mmmmmmmmmmmt^m^ i ■■-■«■ i i ■ « ■ »■ 



• This Curve is thus generated. — In the (emicircle AFE, 
make any two arches £ a and A o or £ ^ and A ^> equal 'to 
one anomer ; and through the points a^ h^ dy c^ let right lines 
be drawn perpendicular to* the diameter A £, and tranfverTe 
lines from the point A ; then, from A, through the points of 
interfediion O, B, D, &c. draw a line A Q BD &c. and it 
will be a "Cttrve, 'called by it*B Inventor DiqcUs a Ciffhid. 

G 
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definite right line perpeiidicokr to tbe dia- 
meter AE. Put the diameter AE ss tf, ab- 
fcifs AC = Jif, ordinate CB =:> Now^ be- 
caufe by the generation of the curve, the 
arches £i and hd are equal, therefore bbss. 
d C, and bl£» ss: C A ; and, becaufe the trii- 
angles bbk and BC A are alike, therefore^ hf 
4E. 6. Ab t hb : : AC : CB j but, by 13 £. 6. 
AbibbiibbiHEi \- bb i h^ \i KQiCQi 
that is, ^C t CA : : 4c ; CB ; . or (becaufe 

CEzine^x, and by SjE.j^ C^s^'ACxCEli 

j^ X <?x — x^'Y ; the fquare of ^vhidb equation 
divided byx, is x^zszay^^^xy* ^ which is the. 
equation of the curve -, and the Fluxion of 
this equation is 3^:*^ = 2ayy — xy"^ — 2xyy^ 
therefore, by tranfpofidon and diviiion, x=z 

2ayy-2xyy ^^^^^ fobftitmed for x, makes 
the Subtangent CT (= ^, aft. 25,) 
2ay^ —2xy ^^ ^^^ writing for y^ it's equal 

.,) £ff?!ll£fL. Whence we may obierve^ 



a — X ^a — 2x 

that, AT, the Difference between the abfcils 

AC and fubtangent TC, is = - ^^ . 

3<l — 2A^ 
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I 

Bi^ the radms ^E in i", and the abfclfs 
AC m/} draw the perpendicuJar Ar equal 

'^fk J "f*^^ r« ^ A/** and on the point n 

' cttdc the perpendicular reoy terminated 'by 

• the fight fine ir j laffly, draw ■^T eqUat ajid 

^raaKftp .»A': theh will T be the point 

•from ViflficbtkfcTlaJnfeent to the point B hiuft 

ibdr&wir. For^ «)rs=A^i=iiAr, andrAt= 

■ i^— 4/= frf--. iar'r and 1^4 E. 6.-rA : 

A^iji Jit t ^v'or-A'F} fteft is^ '^ a *— i x : 

. •'TlA I** -^X • I ■ ' ■» UTS fL\i m 






■ ■'■'■■i: : Exam t.fe fi": VlII, 

■ ■ 5'j. f o dtaw z'Tatt^ent to the Cy^ifc/V *. jF>V. 

10. 
Put €>Athe radhis of die g«aieral5ng circle 

js5t a^.abfcife AG =« a:, ordinate CB?= v, CG 

==j, and the arch AG=z. Now, by the 

iaatur« of the curve, CB =? CG -f arch GA j 

that is, ^=5-|-2; J (for, when the femicircle 

AGF 



*" il bW i«^to<#.i— — w*»i 



• This Ctrrve is thus generated. — Let a circle roll alon^ 

, ttoon A light line until it fcrfijians o^e revolut.ion, that is, un- 

V w k ^ei^ttfes Q^t » y^t line equal to i€% circumference ; 

then, that ^int in the circle which firft touched the right line 

will defcribf the curve caUed a CycM% which, curve, it is 

\ h^^h^im^^mnn^]a^SM^iJt^ whofe works, 

in which this figure is found,, were tranfcribed by J. Sciiiant 

.^lUyearMsi- 

G a 
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AGFj generating the femicycloid ABD, is in 
the pofition BRK^ the arch BR or GF muft 
evidently be equal to RD^ and the arch RK 
or BM or G A be equal to RF or tQ j but 
CG is := /B, and therefore O :^ GB : con* 
fcquently, arch GA as GB 5 and therefore, 
&c) and the Fluxion of this equation of the 

cuiye is j/ = i -|- ^* ^^ ^i ^ fuppofed in- 
definitely near and parallel to CG^ and G;f 
equal and parallel toC^s that is^ letG^s=:2^'» 
gn^s:zs\ and «G5=:C^==^' : then, fi^ppofing 
Gg to be a little right line perpendicular to 
the radius GO^ the angles gGn and OGC 
will be equal ; for, if to either of them the 
angle OG^ be added, the fum will be a right 
angle ; and therefore, the right angled tri- 
angles ghG and OCG are alike: confequent-* 
ly, by 4 E.6, gn : nG : :.OC : CG^ that is, 

s' : x' :: rf— x : s*, %• y=== fllf at^ or (arf^ 

s ^ 

7.) s—tZ^^', ana,^G:G«::OG:GCi 
. s 

that is, z' :x' :: a : s,i v z^s^^ y, . or*. :? 

s 



5=— ;&. Now, by fubftituting ZZUxfors, 

s •^ s , 

and — X for z> in the above Fluxion of the 

s ' - • 

cqua-i 
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equation of the curve, we have^ = -H- x 

j.f.;j— ifrf*j and tkis fubftituted for 

y, makes the Subtangent CT (= ^, art. 



25-) 



^y 



2 a — X 



ConftrvBionl 

» 

Draw the chord or right line AQ, and 
■parallel to it draw TB : then will TB be a 
Tangent to the curve at the point B. For, 
the triangles FCG and BCT are fimilar? 
therefore, by 4 E. 6. FC ; CG : : BC : CT, 

that is, za-^x i s ii y i — i— 3= CT» 



Or, 

Draw the right line EG perpendicular to 
the radius GO and equal to GBj and 
through the point E draw the right line 
TB : then will the faid Ime TB be a Tan- 
gent to the curve at the point B. For; 
let gb be fuppofed indefinitely near and 
parallel to GB 5 then, becaufe the arch AG 
=GB=:^y, and the arch AG+G^=:g"y -{- 
vbi therefore G^ or Bv=;v^ J confequently, 

^ ^ if 
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if wefuppofe Gg to be a little right line per-i 
pendiclrfia^ to the ratfins (XJ or coinciding 
with the right line EG produced, and Bv to 
-fte a little tight Kne paralld to if/ and al/b 
B^ ta be a little right line coinciding with a 
• Tangent "ta the curve at thepobtB, the 
triangles bvB and BG£ will be fimilar: 
therefore, &c. 

1^ X AH P L £ IX. 

Pi^^ 36. To draw a Tangent to the Curve AB, 

J 9^ whofe Equation j(putting GC=s;;f , CB=^» 

.. andtf sss.a |;iveh quantity w^r« than i,) 



' Vxxl A= the Hypfeflbolic Ldgarfthm of a^ 
and Ydb: theJ^perboHa Logadth^i- of j ; 

then, by the nature of Logarithms, xAssY; 

- • 

the Fluxion of which Equation is xAs=: Y =3. 
' t^y tfr/.ii) -> jvhicb divided by A, makes 

. •• • , , . , 

" jc =^ i J ind ttu^ fubftituted for ^,- ma^ces 

' the Sublahgent C T. {z^ f2, art. i^.) = iL 

y Ay 

.=_. Whence we may obferve, that, the 
A 

^ubtangent being an inTariahk quanHity, the 

Curve 



Curve AS is llie L9gaf4^micXkir3fii,^v^k 
Aijraptate is <3F ?^k .- 



37. HITHERTO we have treatad only 
of Curves referred to an Axis ; or, of thoffc 
vtfhofe«:diruites ais Paralicl to.onc a^uxthers 
We fhall therefore now proceed t;o the 
drawing '\ of Tangents to l^irals^ or, to 
thofe^Curves whofe ordinates iffaeft-Qmonc 
and the fame fixedToiHt : Wb^^e ?2ofe, the 
ondinataB aiai fobtai^ciit' a^e ifl ways Pfcrneja- 
diiatkr to Isach oth^ 

38. ^BFoiE Ci iadrffimtady near ta CByFig. 
that is. kt .the sd. BQi fiftif«ppofe«l imleisitely^o. 
fmall; and vrith thewdinate CB^ as a ra- 
dius, let the ifldefijwiteJy fmafl arch Bn be 
defcrihed;; wiiich being <JQnfide?e^ as a little 
r^gbt Mne perpendieular to CS, and the in- 
definitely fmall part of the curve B^ ^ eo^ 
inci^g with a Tangent to it at the point 

Bi then, becaufe the jl BCi is 'indefinitely 
•• fmall, 

♦ Tfeis-OttPvS'is thus generated.— In the indefinite n^ht 
line G F; mate G.K=:K Q:=C F, &c. arid tic, pcFpendicukrs 
GA, KI, CB,T£), &c. in geoii)etrical proportion continued: 
llien, a carve drawn tkrough the points A^I, B/D,.&c. will 
be the Z<7^^ir//Wf Curve; which is fo called, becaufe the 
diftances GK, GC, GF, &c. being in arithmetical progreffion^ 
arc as the Logarithms of the ordinates KI, CB> FD, &c. 
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« 

fitnall, the as bn^ and BCT will be indefi--,. 
nitely near to fimilarity j that is, in the very . 
firft moment of the exiftence of the t^hti^^ 
the faid a may be confidered as fimilar ta 
the A BCT } therefore, if we put the or- 
dinate CB==y, B«=z=^', 2xAnbisz!$\ by4E* 
6. we (hall have y' ix' \\y i CT^ that is, 

(art. 7.) yix : : jr : CT 5 v CT = fS? - 

which is the fame General Expreffion for the 
Subtangent as that before found for curves 
referred to an Axis, art. 25, - 

' Ofy Let the indefinite right line CZ turn; 
like the radius of a circle, round the fixed 
point or center C with an uniform motion ; 
and, at the fame time, let a point moving 
along thereon, generate, or move with fuch 
degrees of velocity as always to be in the 
Curve CBY, to which fuppofe the right line 
TG a Tangent at the point B ; alfo, let Bm 
be a Tangent to the circular arch DB« de- 
fcribed with the ordinate CB as a radius. 
Now, when the point generating the curve 
CY arrives at B, if it was to continue on in 
the fame direction, with an uniform motion, 
and the fame degree of velocity that it ar- 
rives thereat, it would move along the Tan- 
gent , 
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^ent TB produced, of right line BG ; which 
right line would always be as the Fluxion 
bf the Spiral at the point B : Sd like wife, if 
we fuppofe a point to move from B, in the 
fame direftion, and with the fame uniform 
inotibn, that the point generating the cir- 
cular arch t)B» arrives at B, it would movei 
along the Tlngient or right line V^tn perpen- 
dicHlar to the ordinate or radius CB ; which 
right line would always be as the Fluxion o^ 
the faid arth at the point B : And, finc6 
the direftion of the point moving from C Xo 
Z is always perpendicular to that of the 
point generating the circukr arch Dm 
thcreforfe, when the point moving from B to 
G irrives at G^ if Gm be parallel to ZC, 
the point moving along Bm will be arrived 
at m i and therefore, mG will be as the 
Fluxion of the ordinate at the point B, 
Hence, becaufe the a s GmB and BC T are 
fimilar, by 4 E. 6. Qin : tnB : : BC : CT j 
that is, the Fluxion of the ordinate CB : 
the Fluxion of the arch DB : : the ordinate} 
CB : the fubtangent CT5 or, (putting thd 
arch DB=x, and the ordinate CB==y,) y : 

iv J : V : fZ is CT ', as before* 



H fe 



X' 
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Example h 

Fi^.39* ^^ ^^^ * Tangent to the Spiral of 
^ . * Archimedes *. 

Put the circumference of the generating 
circle AFA=tf, and it*s radius CA=^ 5 or- 
dinate CB=z=y, arch ARF=;2 ; and with the 
ordinate CB, as a radius, let the circular 
arch Bn be defcribed, which put =x. Now> 
by the generation of the curve, a :B :: z:y, 

m 

or a : i :: z \ y^ •: z =~ • B^t> ^* ^^ 

evident, the velocity of the point generating 
the circle is to the velocity with which the 
point B generates the arch B« as CF is to CB ; 

that is, z\ X \\b \y\ v zz=z — • Hence 

y 

we have -f=z=^; therefore, 3* A-s^Tyj^, ^nd 

y 



* This Curve is thus generated. — With the radius CA, let 
the circle AFA be defcribed with an equable motion, or the 
point A defcribe equal arches in equal times ; and, at the fame 
moment of time that the point A begins to generate the circle, 
let another point begin to move along the faid radius from C 
towards A, and to pafs over it with an uniform motion, and 
iuch velocity that it may arrive at A at the very fame moment 
of time that the faid radius fhall have defcribed the circle, or 
come to be in it*s firft Atuation : then will the point moving 
along the radius CA, generate, or defcribe, the curve CBA, 
called a Spiral', the Invention of which is attrU^uted to 
Archimtdes* 
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Jc = ?^, which fubftituted for x in the ge- 

neral expreffion for the Subtangent, ^, {arfi 

38.) makes the Subtangent CT = ^ = 

(becauie ax ^ :: z : ^, or ay^zzhz,) .2-.=:^, 

ConftruBion. 
With the ordinate CB, as a radius, de- 
fcribc the circular arch BD ; and draw the 
Tight line CT perpendicular to the radius 
CF and equal to the arch DB : then will T 
be^the point from wjiich the Tangent to the 
point B muft be drawn. For, the fcftoxs 
CFR A and CBD are fimilar j and confe- 
quently, CF : FA : : CB : BD; that is, b : 

p 

..Example II. 
40. Tcy draw a Tangent to the Logarithmic p;^^ 

Spiral^. 22. 

Put the curve CdB=Zy and it's, corref- 
pondent ordinate CB=;i^. Suppofc the 

. angles 



■•^-^r 



• This Curve is thus generated. — In the circle AFA, whofe 
Winter h C, let any arches AD, DE,' EF, pG, GH, &c. 

be 

H 2 



.1 
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angles K]^B and BC^ to be indefinitely fmall 
^nd eqnal ; and with the ordinate C9i as a 
radius; defcribe the circular arch Bn. Now» 
t l>y the generation of the curve, O : CB : : 
CB : C^ ; and therefore, if we coniider the 
)ittle parts of the curve^ rB and B^^ as inder 
finitely little right lines, by 6 E. 6. the tri-. 
I^ngles QB and CB^ will be fimilar, or the 
angle made by the curve and ordinate be al- 
* ways the fanie, Confequently, the Incre- 
ments of the ordinate and curve are always 
in an invariable ratio to each othcr> or a^ 
two fixed quantities a and i ; that is, nB : 
lfB::a:h^ md therefore, if we fuj^fe Bii 
^Q \)c a little right line perpendicular to C^^ 

by 4';E. i.ift: «B : : a t ^* — a*]*; that is, 
(putting B«r=;c', and/»^==y,) y' :x^::a : 

i^ — tf*]% or, {art. y.)y i x ii a\ J*—-^^. 






be made equal to each other $ and th^ right lin^ C^, Ce^ CB,* 
C^9 Ch^ &c. in geometrical proportion continued*: then> aliii^ 
drawn thrpugh the points #» h, B» e, d^ fcc. will ^}t tHe curv^ 
called a Logarithmic Sfiral; which Name is ^ven to it, be* 
caufe the Arches AD» AE, AF, 8cc. being in anthmetical pro- 
greffion, are as the Logarithms of the prdinates Cd, Ce, 
pB, &c. ' 

Scholiutn* 
As no geometrical feries can, ilri£tly ipealdng, terminate 
in o : to the Spiral Bed Sec* though it continuafiy tends to- 
wards the center C» can never abioTutety arrive thereat ; but 
will approach it within any diftance that can be afigned. 



w 
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y ;f ==y ^ — 5 whkh b^g fvilifljtuted 



a 
for * in the general expreffion for the Subr 

tangent; viz.4?» «rt. 38. la^es th^ ioV^% 

Subtangent CT = ^ K tizrflf ; 

BchoUum. 
We may obferve, that, (becauie by 47 E.|«' 

r*^,) the Tangtnt TB 18 sa J ^ ~ s and 

jponfeqiientlyy diie Tangent and SnbtgngeiM: 

pxe to wch P^ec a^ b,Xob*—:a^y^ Again,' 
becaufe «^ : SB:: a : b^ that is, (jt^rif. 7,) y ; 
if : : ay h\ tjferefore; (tf^. ^2.)7 : a? :: tf : i^j 
pr,. the ordmat^s and curve are ^always in a 
given or fixed ratio to each other > and there« 

fore«==;'x-. So that, thcTmigentTQ 

^d Curve CiB are-equal $ and finfti^9FC> 
yadius '.:a:by or,, s. Z.BTC == tf, and lad, 

(8. 4BGT) =s= 4. 
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E X A M P L E III *. 

p^.^41. To draw a Tangent to thc-S^r/^/CHBLA, 

2jj generated by a point moving uniformly 

24. * along the feniicircle CD A, from C to A, 

while the faid femicircle makes one uni- 

form revolution rQvmd the point C a& a 

center. 

Let the point 6 be fiijppofed indefinitely 
near to B ; and with the ordii^ate CB, . 03 a 
Adiiis, defcribc the arch DBn. Put the ra- 
dius/of the .generating ffnjicxrcle, EB> =£a, 
arch CRB = v, arch DB = at, ordinate 
CR=;i,.M == ^, and ^« = /. ; rNbw, 
becaule ihe circumferences of circles aje as 
their radii; by the generation of ther curve 

if : if ^ : ^D :* AT == -^ ; and, becaule by 20 

^:.a/;Z^EB=^^^ a:y::^'/. zj^n^ 

«/BA = — 5 but, by47E. i. (fuppofing'B3 

to be a little right line, and B« a little right 
line perpendicular to C^,) B^* — in*=^nB^y 

thatlsrV*— t'* =:^^^ ; from which equa- 

tion we have v' = — ?X— ^, that is, (art. 



<^ Invented ^ff»o I7$6% 
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7O ^ = . ' Hence, x =z^ x 

• >j. = ^"^"^ , . • ^^^^*^ ftibftituted 

for Xy makes ^, the general expreffion for 
theSubtangent CT {art. 3 8.) =1 x=M=-r 

_ 4y' 



Corollary. 
Since x=l^, that is, *'= 5^j andBxi 

zsz'^—i therefore, x' = 4B». 

ConJiruSiion. 

Draw the chord BG, which bife6t in F j 
and to the point F draw the right line CF j 
produce the chord or ordinate CB to I, mak-, 
ihg IB 5= B.C J ajfo, draw the right line IT, 
making the angle CIT = the angle CFB : 
then will T be the point from which the 
Tangent tq the point B muft be drawn. 
For, by 3 1 E. 3. the angle CBG is right, and 
therefore the right angled triangles FBC and 

JCT af€ fimilarj wherefore, by 4 E. 6. BF : ; 



^d jAi intkobvdrioti id ihi 
BC : J IC : CT ; tlult is, (becaufc by 47 E. t ^ 
BG =sf GC*— CB»f==4a*— ;>*p^ and thews- 
fore BF=i .4tf»— j>«F,) i . 4rt»--jr*|*^ -. ^ j * 

45TZ^T 



* •■>• . 



>4» 



CHAP. IV. 

Of finding the Maxima and Minima, 4^f 
Gredteft and Leaft of variable ^jiantities. 

42. A Maximum is the greateft magni- 
tude of a variable Quantity, which naturally 
ihcreafes before it arrives at that magnitude! 
and as naturally decreafes afterwards ; and d 
Minimum is the leaft magnitude, of a variable 
Quantity, which naturally decreafes before It 
arrives at that magnitude and afterwards asv 
naturally increafes. Therefore, at that cer-e 
tain term where a Quantity becomes a Maxi^ 
mum or a Minimum it can neither be in«^ 
creafing nor decreafiiig ; and confequently^ 
it's Fluxion is == o. 
j6yv^ Thus, in the triangle AEF, let the equal 
2.e. and parallel fides AC and DB of the infcribed 
and flowing redangle CD be continually in« 
creafmg while the other equal and parallel 
iides AD and CB are cont^uaiUy decreafing y 

tha t 
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that is, let the faid reflahgle be increafed by 
the motion of the variable and decreafing 
fide CB, and decreafed by the motion of the 
variable and increafing fide DB. Then, it is 
evident, that, while the reftangle is increafing 
fafter, or with a greater degree of velocity, 
by the motion of the line CB, than it is de- 
creafing by the motion of the line DB, it will 
be continually Increafing ) and that, when 
it is decreafing fafter, or with a greater de- 
gree of velocity, by the motion of the line 
pB, than it is increafing by the motion of 
the line CB, it w^l be continually DecreaC 
ing : therefore, when thefe two degrees of 
velocity become equal, the reftangle will be 
a Maximum \ and be neither increafing nor 
decreafing ; or, the Velocity or Fluxion with 

'which it is decreafing fubtrafted from th« 
Velocity or Fluxion with which it is increaf- 
ing, leaves the Velocity or Fluxion with 
which it flows =0. And, it being manifeft, 
that, when the reftangleCD becomes a Ma^ 
ximum, the fum of the triangles FDB and 
BCE will be a Minimum 5 therefore^ when 
the fum of the faid triangles is a Minimumi 
the Fluxion of the increafing triangle FDB 
will be equal to the Fluxion of the decreaf* 
ing triangle ECB; and therefore, the Flu- 

I xioa 
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xion of the latter fubtra^ed from that of thd' 
former, gives the Fluxion of tlie Miniiiium' 

43. Wheu my Qaatitity is a- Maicithurri^ 
or a Minimum, alt the Affirmative Powers' 
of it will be fo too; as will alifo, the Sum, 
Reminder, Product or Quptieftt, arifing/ 
from it's being added fo, fubtrafted from,- 
multiplied or*, divided by, any invariable or 
^ven quantity. But, any Negative * Poweip 
of a Maximum wiH be a Mininrum 5 and; 
any Negative Power of a Minimum will be 
a Maximum: 



Thus, (r^,) if tf— ^+-j x^x— ^*1* be a? 

d 

Maximum, then will ax-^x'' be alfo a Ma-'- 



Xy.Z 



ximum. And,(2^)if — :r +i^*+^*+^j 



a^c'' 



be * Maximum, then will ^ a* J^. c* J^ x'^ 



;c* 



2y«Z 



a^c 



or -, — -f- ;v * be a Minimum^ 

For (i^.) it is evident, that, the greater^ 

-=-A?*is,thegreaterwillberf — ^+-: xax—x*Vy 

a 

and 



^ By ^ afiinnative power, is meant that wKofe Index i$ 
affirmative; and, by a negative power, diat whofe Index i% 
negative. ' 
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^Jnd therefore, when One of thefe .expreffions 
is a Maximum, the Other will be a Maxi- 

« 

TOum alfo. And (2^.) finee {^r/. 13.) 

I 



•^+^+^*+^*l '^ 






it 15 pl^'n,^that,.the lefs the denominator of 
jthis fra6liqng,l expreffion is, th« greater will 
te the ^lic^ent ; bi^t. tlie. faid denominator 

is evidendy the^haflfpoibtewheti li— f ^^ 

is a JV^iymimr-T^erdt^ .&c. 

;.^4. f \i\(^iE|j,.in the e^re^on for the FIu- 
^v^;^^i :iyi^^ a Minin^um there 

.are.tw^. pr. raprq /ii;?/ f?^^ry letter^, j and each 
as gontainea in both affirmative ^srj4 negative 
.terms j • tlien,^ the ftin> of th^ t^Kms^ affe^led 
(With' either ojf tBenTwiIl be == o. ' 
■Xtw^iflthe ]^luxioj( of a Minimum b^ \ak 

For^ let tHewariable rediiangle (ay. whofe 
diagonal is Ac, flow ve^ the triangle EAF. 
Put . FA= a, AE =«= ^, AC or iSb = if, 
and CB or AD ;==: y. Then will the triangle' 
FABise = T '^'^j the triangle A^Bv^gjiilPS?, 
and the f eftangle CD be = xy i and thert- 
ifpxe, the fum of- the triarigks FDB and BCE 

I 2 'm^v^ will 
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will he'=i^ax — xy-^-^i^y ; which, when the 
reftangle CD or xy is a Maximurii, is evi- 
dently a Minimum. Now, it is plain, if x 
increafes y muft decreafe, and therefore, (arf^ 
22.) their Fluxions are negative to each o* 
ther,, and the Fluxion of the faid Minimum 
is ^ax—xy'{'Xy — ^iyt::^Oy and the Fluxion 
- of the faid Maximum is ;cy— ArV=o, oi;, the 
Fluxion of the triangle A DB or ACB is^ xy — 
ixy=:o : but, the Fluxions of the triangles 
FAB and BAE are manifeftly equal» lince 
one increafes as faft as the other decreafes. 
Hence, therefore, (the Fluxbn of the tri- 
angleACB being =o,) theFIuxion of the tri- 
angle FAB is =:: the Fluxion of the triangle 
ECB; that is, }axz;=zxy\ {art. 15. ^/e^/^ort. i^\) 
Confequently, ^ax — x^::r=:0} and therefore 
xy—'liy—o. 

45. In plane Figures, it xs> in effeO', the 
fame thing to find the greafeji Area that can 
b0 contained under a given Perimet^r^ as to 
find z given Area under the Ifall Perimeter^ 
— It may alfo be obferved, that, to find the 
greatefi Solid that can be contained under a 
given Surface, is the fame as to find a given 
Solid under the leaft Surface, 

46. Generally, when a variable Quan-? 
tity admits of a Maximum, it's Minimum is 
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NotMng ; and, when it admits of a Mini* 
mum, it's Maximum is Infinite. 

Example I. 

47r To find the point C In the given right jp7^; • 
line AB, where the reflajigle of the parts 26* 
AC and CB is a Maximum^ or greater than 
any other reftangle Kn x «B* 

Put AB=2 a, and AC == a: ; then CB = 
4?— AT, and therefore the re6langle AC x CB 

snATXtf— AT =5=^x— AT* £=a Maximum. Now, 
the Fluxion of a Maximum being =0, the 
Fluxion of ax-^x'^ muft be := o 5 that is, 
ax — 2a:x5Z30 ; which divided by x^ makes a — 
2x==o i . therefore, ^ j?=x zx^ and a;==| a. Con-- 
fequently, the reftangle of the parts AC and 
CB is a Maximum, or the greatefl poffible, 
when the faid parts are equal. 

Or, Put AC=*r, and CB=;f j then AC 
xCBs=Arjri=: a Maximum. Now, it is evi- 
dent, that, if X increafes ^ muft decreale ; 
and therefore the Fluxions of x and y are 
negative to each other ; iand confequently, 
when xy is a Maximum, the Fluxion of it 
will be xy~xy=zQ'. but, it is likewife evi- 
dent, that, the Increment of x is equal to 
the Decrement of y j or, that the Velocity 

with 
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twith whiqh x increafes is equal to the Vsdor 
<ity with which. ;> dccreafes j that is, ^==y ? 
therefore, by dividing by *: or _y, orbyftrik- 
ing both X and i oiit, in the above Fluxioa 
of the Maximum xy^ we fhaU have >— xs=Q.i 
^pd therefore x;?==y ; as before. . 

On, lo the variable Fe^anglc AiJ, le^thc 
fide C3, which is equal and parallel to the 
fide AD, always be eqiial to CB : then, while 
the reftangle is- increafing by the motion of 
the decreafing fide Cb moving from A- to- 
wards B, it will be decreafing by^ the motion 
of the increafing fide ^D moving fr-om F 
towards A. Now, fmce the Velocities «&€ 
the points C ajid Di or the Fluxions of thc^^ 
fides AG and A©, ar« ahvaysequali (as they, 
evidently muft be, becaufe the fum «f. thefe 
fides is always the. fame ;) thcrefoire, as lon^ 
as the fide AC continues lefs thaja the fid^ 
AO or C^, the reaangle wilj bp pontinugUy 
increafing; and ?fter th©' fide AC beco?:ie^ 
equal to the fide C^, it: will be^ continually) 
aco-eafmg : therefore, when, tlie reaangle i^ 
a^a»i)Wim> or w^en it i& neither incieafing 
Dprdecyeaang, th& fides AC and Ci are equal- 
to each other, or AC==C^c=CBi as before; 

Qr, Defaib^ the fenfxicircle A^B, and let 
fall thsipefpendicicbu-i^C. Now, byjS"^'3> 
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ACx CB=C^* ; and therefore AGxCB is 1 
Maximum when^C is the radius of the fe-^' 
Aiicircle, or when the point C bifefls AB y * 
as before. 

E X A M P L E IL 

48^ To find the point C in the given right 
Hne AB, where AC* x CB'^ is a Maximum^ 

Put A B ===</, aiid AC==x; tliea CB==i 

A-^x, and AC" >c C B'' = a:* x a—i^ =f 
Xn X tf — ;cl = aM^muni; therefore, {art. 



m 



43.) A^rf xtf — a: =2= a Maximum; that isi^- 



m 



(putting — =-f ^,) ^ X ^ — xz=£a>f — vf^"^ = 
n 

a Maxiix^um ; the Fluxion of which is == o ; 

that is, aexT'^x — ^-j-i^c^i* === o. Now, by 
dividing this equation by x^'x, we have 
^^i— . e^ I ;c =f o i therefore, ae =±: ^-|.i x^ 

tod AT == -^ ; that is, by reftkutioni or 
^-+-1 

tvntxnfe — 'for ^, a? == — j— '^ • v^nence the 

point C is determined* 

Or, Put AC = a:, andCB=^; fhert 
jc^X^'zzr a Maximum ; tlie Fluxion of which 
is =0 ) that i^,: (becaufe when x increafes / 

de- 
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dccrcafcs, or the Fluxions of o<r and y"" are 
jiegative to each other,) mof^^x x f — ny'^^y 
X of^zssiO : but, the Fluxions of x and y are 
evidently equal ; therefore, throw both x 
and y out ; then it will be my!^'^ xy — w/~'x 
^z=zo. Now, by dividing this equation by 
o^^y^^^ we hzNQ my — nxt=io*, therefore, 
nxsnzmyy and m:n:: x: y. So that, the feg- 
ments AC ajid CB are in direct proportion 
' to the Indices of their Powers ; and x = 

m m fna — mx * r 

—y = — X a — X 5= J therefore, nx 

n n n 

5= ma — mx^ and x = — • — a*; as before. 

m^n 

Example III. 

49. To find the greateji Cone that can be 
infcribed in a given Sphere. 

Fig. Put AD, the diameter of the Sphere, =i?; 

27. .7S539 &c. (the area of a circle whofe dia- 
meter is 1,) =5^5 and AC, the altitude of 
the cone, =lx : then CD=s:tf — x. Now, by 
35E. 3. ACxCD=CB'; that is, x x //— ;v 
z==:ax — X* = CB* ; therefore, (becaufe the 
fquare of the diameter is 4 times the Iquare 
of the radius,) by 2 E. 12. j^acx — 4cx^ = 
the area of the cone's bafe; which, by 

10 
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10 B* 12, drawn into yXy is {^rx*— \ coc^ 
cs±: the cone's foliditVi a Maximum : there-fc 
fore, by art. 43. ax"- — x'=: a Maximum; 
the Fltixion of V^hith Is =io ; thit is, 2axi 
J — 3;c*x==:0 J which divided hfxx^ givesi 2tf 
— 3Ar=:0; tkerefore, 3x=2^, and x:=2z y^; 
iSo that, the cone will be a Maximum, 6t 
the,great6fl: poffiblej when it's altitude is 2=3 
two-thirds of the fpherc's diameter. 

B-X A M P L E IV. 

j6; To find the internal dimenfions of d 
Cylindrical Cup, whofe capacity is given 
= ay when the faid Cup is made with the 
leajfi poiTible qliahtity of Silver of a giveri 
thicknefs. 

'Pxxt the diameter =: at, arid .78539, &c. 

(the area of a circle whofe diaiiifeter is i,) 

's=:C'y, then, by 2 ]^. iz.cx^^z the area of the 

a 

bottomi and therefore ---. i=r the altitude t 

' . ex"- 

but, 4,cx=: the circumference of the bottom, 

and therefore acx X'-^^ =&^ ±± the iiifide 

ex* X 

curve fupcrficies. Hence fx* -|- — =; the 

#hole infide fuperficies s which, bec^ufc the 

K quan- 
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^Qiuitity of fUver is the Leaft pofiible, ii a 
Minimum > and therefore it's Fluxion is=:Ojf 

ihat isv ^cxx — 3-— =-© j which multiplied 

fey AT*, is icx^x — ^ax i:s o ; and ihh divkied 
by 2x, is cx^ — 2a 1=* o ; therefore, ex^sszia. 



and AT :£= -H:^ the diameter > which fubfti- 

cl 

tuted for x^ makes the above 



'^ fx£?^ 




2a 
^x — 



the attitude. So 



that the diameter is to the attitude as 2 to i. 

Or^ Put the diameter 3= *, dtitude ts=xyf 
and .78539 &c, srrrj then^ the whole infide 
fuperficies will be it= ^^*4"4^^ = ^ Mini- 
mum 5 therefore (^r/.43*) **-4'4^=== ^ ^* 
nimum; the Fluxion of which is sso; that 
18, (fuppoling ;c to increale and jr to decreafe^ 
or the Fluidons of x and^ ta be negative to 
each other, as they evidently muft be,) 2xx 
+4^ — 4xyi=o. But, irx*tf«:ij, and confer 



^ 



quently x^y as^s -s t^FlttxionQf whi^h equa- 



tion, (becaufe the Fluxion of ~ is «bo^ and 

the Fluxion of y is negative,) is 2xxy—x*y 
psxOi therefore x*ysx2xxyi. which equatiic^ 

idivi^ed by x*, makes j^z=: ^f^ Hence» this 

value of j^ being fubftituted for it in the abpv^ 
Fluxion of the Minimum, we have ax^-f- 
^y — 8xy:?=o; that is, 2xx — 4*jf=aO; which 
equation divided by 2i, gives xr^zysssOi 
Qonfe^ijcnltly x=:2y i as before. 

E jc A M P J. E V. 

51. To find the internal dimenflons of a 
Cjftern in the form of a reftjangular foli4, 
(that is, whofe bottom and all four fides 
are reftangular,) when it's capacity is ?=r:a^ 
9nd it is made with the lea/i pofiible ^uan«> 
tity of Lead of a given thicknefs. 

Put the infide length AC or DB 556= *r, Fig^ 
|)i€adth AD or CBazy, md depth BF or CE 28. 

n=2?; thcn^' xyz=ia, and therefore, .v;r=-^ , 

yz 

Now, the infide fuperfiicies of the bottoi^ 
and four fides is ssACjcCB^-zACxCE^* 
2CBxBF=:xy'^2xZ'^2y^ ?= (by fubftitut* 

ing -^forx,) ^4-~4r2«;j which;^ bccauft 
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the cift^rn is made with the Lcaft poffible 
quantity of lead, is a Minimum; an^ 

therefore it's Flqxion is =f=o ; that is, r- 






2af * 
— — f-\- lyz-^ 2yz=:0. ' Now, (art. 44.) the 

•^ _ 

fum of the terms affe^ed with j/ is ==0, an^ 

the Turn of the terms affefted with 2; is =0; 

that i3, — r-Y + V'^ =5 o, and — ^ + ^y^ 

y^ . ^* , 

s=o ; the former of which equations multi- 

pHed by;r*, gives -7-2^jk -:f^ 2y*j;2J=o, and 
this divided by ay, is — ^-j->**z==:=o, v^*^ 
C3= i7 = A72?, therefore, y=^x: and the lat- 
ter of the faid equations multiplied by 2;*, 
gives — az-\'2y2^'^z =; o ; which divided by 
z, is — a -f- 2yz^ ==^9> v 2yz*z=zaz= xyz^ 
tiierefore, 2z =;=; x. Hence, x =^ y =xz 2z; 
that is, the length and breadth will be equal, 
and each equal to twice the depth. 

Or, The length, breadth, and depth, be- 
ing x^ J, and Zj refpedtively -, and the infide 
fuperficies=;A[y--f- 2XZ'\- 2yz=: a Minimum, 
as before i if we fuppofe x and y to increafe, 
then z rnuft neceffarily decreafe ; that is, the 
Fluxions of X and y being affirmative, the 
jFluxioa pf ;2? will be negative ; and there- 
fore, the Fluxion of the Minimum will be 

V .*.«. • • '• ♦ , <. » - . . 

• •. * 

■/ » ,» . V"lt 
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jcy^Xy'{'2XZrrr^2XZ'}-2y^—2yZ=:.0. But, 

xyz == a^ the Fluxion of which equation, 
(the Fluxion of a being =z o, and the Flu- 
xion of z being negative,) is xyz-^xyz — xyzC 

xyz^-xyz xz , yz , . • • - 

t-:0 ; V ^ = '^. v' / ' : =— + <^ , which 

xy ^ y 

fubftituted for z^ in the Flu^tipn of the Mi- 
• nimum, makes it ;fy + *v-^ —ii?:^ 

j=o J therefore {art. 44.) ^— £f^Z£.s=so, 
and xy ~r -^ r= o. Now, the firft of 

y 

thefe two equations multiplied by T-,isjtf — 
22? = o, %• x=l2zi and the latter multi- 
plied by -:^, is^ — 22; =o, vy=22f. So 

that, X =j^ == 25;; as before. 

In this laft method of Solution, either of 
the quantities x, y^ or 5;, might have been 
fuppofed to decreafe while the others in- 
creafe j or, but one of them to increafe while 
the others decreafe : for, in either cafe, the 

conclufions would come put e?a6Hy the 
fame. 

Ex- 



'*.. 
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BXAMPLB VI. 

52. h Qentleman wants to ride from the 

Fir. ^^^ ^ '^ ^^^ ^^*y ^* *^^ ^^*^^ ^^"S ^ 
j/* miles apart. Now, from C to A, which 

is Smiles, or from C to aay ptace'B ki liw 

^ad DA, which is pprpendiqular to the 

road AC, he can ride after the rate of c 

miles an hour ; but, (torn A to D he can 

. lide fatten or after the rate of d miles an 

benr. To find B» the place to which hm 

muft dkeftly rnle, in order to perform his 

Joum^ in the Itaft pofgble Tiiae. , 

By 47E. I . AD==DC»--CA*}W*— ^'f» 
which put == fi and let AB ?= a; j then BD 

-—< — X't apd therefore, — j— sssthenum^ 

d 

bcr of hours the Gentleman will be riding 
from B to D. Again, by 47 E. i. CB = 

BA' + AC*)* =x*-fr^*i*i and therefore. 



2 the number of hours he will b« 




pding from C to B, Hence we have ^ "^ : 



JL^Zf = the number of hours he will be 

per- 
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perforfliirig his jouitlcy, Which muft be ft 

MiniiBtim : therefore {art. 43 .) d XA:*-f-A»l* 
'^cx t±z a Minimum s the Fluxion of whict^i 

is =3 o; that hi i dx IF^fPT^ x zxx-^ci 

is=: ^ ^^ ■^— iTjv =± o 1 which multiplieij by 

and this tranfpofed and divided by i^ is dx 

±=t i: xjc*-|-?^ ^- J, the fquare of which kf 

d*x*z±-{:'^x*4'if'c^ i therefote 'se'^±±i ^ — -, 

» ^* — c* 

and ;ir ±=g ^.^ y '^ A^» 

Or^ Let £^ be fiipp9fe4 inddmildy tteiir 
to CB, and the littits circular ardi fi» be d^f 
fcribed with the radius CB $ thatt is, let B^ 
tttp^efs the nafcent or indeihiitely fmall In- 
cremeftt of AB, and nb that of CB. Notwv 
it is evident^ if B be the J>hce to which he 
muft dire£i:Jy ride, that, the Increments B^ 
and n& muft be to each other as d to c, fince 
then only can they be pafled over in the 
fame time: but, the little triangle B«3 is 
(or may be taken as) fimilar to the right 
angled triangle CAB ; (for, the arch Bn, 

being 
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being indefinitely fmalli may be confkiereil 
as a little right line perpendicular to. C^ ; 
fo likeWife, thfe angle BC/^ being indefinitely 
little, the angle C^A or nbH may be corilider- 
fed as equal.to the angle CBA % and therefore 
the angle bBn as equal to the angle BCA ;) 
Confequently, by 4 JE. 6. ^ : r : : CB : BA ; 
but, when the hypothenufe and perpendicu- 
lar are d and r, the bafe, by 47 E. i . vfeill be 

^i_i^»\T Hence, therefore, d^—c^Y • (^^) 

t 
h : : c : ^ — = AB ; as before. 



ZA X 



f « 



ConfinSiqn. 

Through C draw wo ^aralldi to AD^ 
waking Cv =£ i-\- Cy and Qmz==id-^c\ rie- 
fcribe the fcmicircle mkv j on th© intci fe^* 
ihg point k ere£t the perpendicular kr^e ; 
and through r draw the right lineCB : the* 
will B be the point required. For, by 

35 E. 3. ^CxCot1^= C/^, that is, </'— c»F=±i 
Ck ; and, by 4 E. 6. C* : ^r ; : CA : AB, 

that is, i/*— <r*f : f ; : ^ : - ^ . = A B. 



Bx- 
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E X Am IP LE VII. 

53. Let the triangle BAD have oWe angle A ->. 
in the right line CE : To find a Maxi^ '^* 
mum of the Sum of the perpendiculars BC 
and DE let fall from the other two angles 

. on the right line aforefaid. 

Note, AS =1 ay AD=:^, and the A BAD 
= 90^. 

.' Put AC = X} then, by 47 E. i. CBs 

;a*— Al:*!^ —r^*— x*1*. Now, becaufe 
the Z.BAD is right, the aDAE is the com- 
plement of the Z.BAC, and is therefore 2±±i 
A ABC ; confequently the triangles BAC and 
ADE are fimilar ; and therefore, by 4 E. 6. 
BA : AC : : AD : DE, that is, aix ubi 

^==DE, Hence we have BC+DE-ra 
a 

tf*— a:*]^-| — ^= a Maximum; the Fluxion 



of which is = o J that is, { x ^*— ^*1 



— 2^cy-l :=o, that is, "^ ^-*- + — 

s= o i which multiplied by «*—**]* x a^ 

gives — axx -J-a * — x * p ^x = o j thcrcfpre, 

L by 
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by tranQ)bfitioa and dividing by x, we have 

axs±:a* — ;tf*P A j by involution) 4*x* satf *^* 
— ^^*x*; conlequently, a^x^-^-b^x^jsszd^b^^ 



*^* n^ 



and AT* z= — _-; therefore, y= — , 

which fubftitutt?d for x^ makes the Maxi- 

mumBC+DE {^=7^^^^"^ ^t^^ 

d 

= BA*+AD»^^, that is, by 47 E. i. BC+ 
DE =5 the hypothcnufe BD* 

Or^ Produce BA to 3, making i(As=it AB ; 
draw the right line ^D } and perpendicular 
to C£ draw be : then will the triangles hbc 
and ABC be equal and fimilar, for be is equal 
and parallel to BC. Now, it is evident, that, 
the line ^D, in every iituation, will be greater 
than the fum of the perpendiculars be and 
DE, excepting when it is perpendicular to 
the line CE ; and that then, the ftid per- 
pendiculars will coincide with, and their fum 
be equal to it* Therefore, the Maximum 
gf the Sum of the perpendiculars ht and 
DE, or of BC and DE, is equal to the fide 
jJDcof the triangle A^D; which, when the 
^MDorBAD is right, is equal to BDj 
-as before. ' " 

Ex- 



\ 
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^« 



54i Tcrfind the greatefi right angled Tri-jP/^. 
angle ACB that can be infcribed in the 31. 
given Quadrant AEF^ the right angle 
bding formed by the fine and cofine BC 
and CA. 

Put the radius or hypothenufe AB=::^> 
and ACss=;r; Acn, by 47 E. i. CB =^ 

^* — ^^\ y therefore, the area of the triangle 

■ -^JL .j. 

5= -J X xfl* — ^*) *=r:i^?*x*— Jx*]* == a Maxi* 
mum : conlequently, {art. 43.) a^x^-^x^:==i 
a Maximum \ the Fluxion of which is = o; 
thatiSy 2ii*Ari— 4x'i=so ; which divided by 
^xxy makes ^*-~2x^s=:o; therefore x*=ftf*j 
coniequently ACssrCB, and the point B bi* 
feds the quadranttl arch £F« 

Or, Put AB=//, AC=x, CB=:;^ EB=2; ; 
and fuppofe the point b indefinitely near to 
B, be parallel to BC, and B» equal and pa- 
rallel to C^; that is, let Bn=tx'^ and Bbssizf. 
Now, if we confider the Increment B^ as a 
little ri^t line perpendicular to the radius 
AB, the angles n%b and CBA will be equal, 
and confcquently the indefinitely little right 
angled triangle Bnb will be fimilar to the 
fight angled triangle BCA; therefore, by 
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4 E. 6. AB ; BC : : ^B : Bh, tbfit is> a-.yit 

• z' I x'^ or (art. 7.) a: y i: z i x, vij=r:-^ , 

But, when the tpangle ACB is a Maximuniy 
it is plain, th9t, AB x 7 ^ is ;^ BC x ;i^; that 

is, i az=zyx, •/2?s=£^= (by the above,) 
^i whence, 7y^ xssza*x, and ay*a=tf*=rjf* 

y 

4-y*. Therefore, xasy^ or AC = CB j as 
before. 

Or, Suppofc CD to be always perpendi^ 
(cular to AB, Now, it is evident, the Tri^ 
angle will be the greafefi when CD is a Ma-p 
pcimum, that is, when it bifefits AB, or is 
the radius pf the circumfcribing femicirclc 
ACB 5 and then, it is plain, AC==CB i a;^ 
bcfpr?, 

B 3( A M P L E IX. 

§^. In the right line AE, which is perpen* 
^'gr dicular to the indefinite right line AZ, 
3^* given AC=xtf, and CEs¥=^ : To find the 

. point B, where the Angle CBE is a Ma- 
ximum. 

Put AEs=tf-f ^=r, and AB»=X} then, by 

47 E^ J, CBsss^S-rl^; and EB=f'H^^' 

Now, 



f f\ 
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*.. .'"■ *• ■• •- 

fO'ow,' by Trigonometry, CB : racBiis :: AB- 
:'s. aACB, that is, (putting radius- = i,y 

J*+x*]^': 1 :••>?: =5. Z. ACB ojc, 

ECB5 and EB:s.Z.ECB :: EC:s.^CBE, that 

• — -1 ^~ X f b X ^ " 

IS, £:*+x*)* : , 'V.o v -__—-* 

=:S. Z.CBE=a Maximums therefore (^r/.4S.)L 



^ Maximum s and ^v^at"*-]-^* = ^ Mini- 
jnum 5 the Fluxion of which is =s o ; that 
is, — ^:?4«V*x""'x-f-2A:x'=o; arid this equa- 
tion divided by 2xx^ makes — a*c^x'^^'\' i =o; 

therefore i zs^a^c^x'^^ = ^ — ., and ^*= 

^*>% andAr=tf7l*. So that AB is a geome- 
trical mean between the diftances AC and 
AE ; and therefore, by 6 E. 6. the triangles 

CAB and |ZfBE are fimilar. 

A 

Or *, (m any pofition of the line AZ,)— ? jjj* 

It is evident, that, as long as the angle BCE ^2. 
decreafes faftcr than the angle BEC in* 3 j. 
creafes, the angle CBE will be increafing5 34; 
and that, when the angle BEC increafes 

fatter 

f Invented Anno 1760. 
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failer than the angle BC£ decreafes, tlM» 
angle CBE will be decreafing: therefore, 
when the faid angle CBE is a Maximum^ 
or when it neither increafes nor decreafes, 
t*ie Fluxions of the angles at C and E will 
6c ^ual 5 or, the Increment of the angle 
]IE0 will be equal to the Decrement of the 
angle BCE ; that is, if we fuppofe the point 
h indefinitely near to B,^ the z.B£^s&: L^Qi: 
therefore, if with EB and CB, as radii, the 
arches Bm and B^i be defcribed ; then, be* 
caufe the circumferences of circles are as 
th«r radii, B/« : B;^ : : EB : CB. Defcribe 
the circle BGA, whofe diameter is AB ; and 
in^. 34. produce EB to G> and BC to I. 
Draw the right lines GA, AI, and IG, 
Then, in/^. 32 and 33. (by2rE.3.) Z.GAI 
tt=2LGBIorEBC5"andin/^.344by22E.3.) 
/.GAI+aGBI = 180^. =z,GBI+z.EBI| 
therefore in this fig. alfo, aGAI =r iiEBI 
or EBC. Now, if we fuppofe the arches 
B«^ and B« to be little right lines perpendi- 
jcular to Ei» and C» refpe^liveJy, then may . 
the triangles hhm and BAG be confidered aa 
fimilar, as faay likewlfe the triangks b^n 
and BAI; (for, by 31 E. 3. the angles BGA 
^d BIA are right; and, becaufc the points 
ff ajod B are prefuiped to be indefinitely near 

►' ta 
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to eadi other, therefore the l. E^A is inde- 
finitely near to equality with the A £HA, 
«nd the aCM with the aCBAs 8cc.)- 
wherefore, by 4 £. 6. ^B : BA :: B/» : AG, 
and'^B : BA :: B«: AI ; v B«i t B» :: AG : 
AI. Hence EB : CB :: AG : AI ; and there- 
fore, by 6 E. 6. the triangles EBC and GAI 
arealike, and the z. AGI=ZBEC: but, 
by 21 E. 3; the Z.AGI == ^ABI or ABCi 
therefore the iiBEC === Z.ABC, and confe* 
quentiy the triangles CAB and BAB are fi- 
milar ; wherefore, by 4 E. 6. CA : AB :: 

BA : AB} vAB =:ACxAEf. 

CimJlru3Un. 
Produce EA to K, making AK = AC; 
deicribe the femicircle KE; and> in fig. 33 
and 34. draw AQ^j>erpendicular to the dia« 
meter £K, and make AB equal to AQ^ then 
wiM B be the point required. For, by 

35E. 3.AQs=KAxAE]% that is, ABsa^ 

ACxAE)^. 

£ X A M P L £ X» 

56. Given the point C in the radius EA f^pig^ 
the circle AB -&c. To find the point B, ^ 5/ 

at 
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. at which, if a tangent TB and right line 
CB be drawn to it, the Angle CBT is a 
Minimum, 

Draw the radius EB. Now, bccaiife by 
1 8 E. 3. the tangent to ' a circle is always 
perpendicular to the radius, it is evident, 
that, the angle CBT will be the leaft poflible 
when the angle CBE is the greateft : It is 
Kkewife evident, that, when the faid angle 
CBE is the greateft poffible, the Fluxions of 
the angles BCE and BEC will be equals or, 
fiippofing the point i indefinitely near to B, 
Z.BC^ = z.BE^5 and therefore, if with CB, 
as a radius, we defcribe the little circular 
arch Bn ; then, CB : Bn :: EB : B^, or, CB : 
BE :: nB :B6i and confequently, by 6 E. 6. 
(becaufe jLCBn = z. EB^, and therefon? 
Z.CBE=^»Bi5,) the triangles CfeE and nB6 
are fimilar, and /lECB = z.^«B== aright 
angle. Hence, when the angle CBE is a 
Maximum, pr the angle CBT is a Minimum, 
the right line CB will be perpendicular to 
the radius E A. . . _ 

Or^ Becaufe by Trigonometry EB : finez. 

BCE :: EC : fine z. CBE 5 -therefore, the 

angle CBE will be the greateft whcji the 

"jmgleECBis aright one; but, when the 

. . angle 
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angle CBE is the greateft, the angle CBT is 
the leaft poffiblc : therefore, when the faid 
togle CBT is a Minimum, the right line 
CB will be perptendicular to the radius EA ; 
ks before. 

Example 3^1 *. 
^^. Given this point G in the radius OA of j^o^ 
the femicircle ABE : To find the point -^5/ 
B in the faid femicircle where the Sum of 
the right lines CB and EB is a Maximum. 

iSuppofe the point b indefinitely hear to B; 
and the little circular arches B« and B/v, de* 
fcribed with CB and EB as radii, to be little 
right lines perpendicular to the faid radii 
refpe6tively. Now, the angles CB»j OB^, 
and EBw, being Hght ; therefore Z.CBO=: 
Ln^b, and iiOBE=:Z^BiJ : but, Wheii 
CB-pEB is a Maximum, it is fevideht, that, 
the Increment nb tnuft be '=■ the Decrement 
bm^ and therefore the triangles bti^ and bm^ 
are equal and fimilar., Hence^ l^ii&b being ==: 
Lrn^b, therefore aCBO=:^OBE=:2lOEB; 
and the triangles OCB and BCE are fiaiilar j 
and confequently, by 4 E..64 OC 1 CB :: BC t 

CE; vCB=eOxCEf. 

'c Invented ^^r»« 1 76 1. 
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ConfiruStion. 

Moke CKs=CO s defcribe the itmymdU 

KQP, and draw the right line CQL^pei-pen^ 

dicular to the diameter EK ; alfo, maiue <Z^ 

=CQj, then will B be the pmnt required. 

l^r,1)y 35 E. 3. CQstifcCxCJC]^ ihat is, 
CB=EX:xCOl\ 

XJIoroJlary: 
In order to -make the Maidmum take 
place, the given diftance OC muft be gceater 
than J of the radius OA.- 

Note, 

To find an Algebraical expref&on for the 
fum of the right lines CB and EB when the 
faid fum is a Maximum. Put the radius 
£0 or OA=tf> and OCs^ : then, CBass 

CGxCE]^=^BqpFl^ and CB : BO :: CE : 

EB, or EB=?£^=lH::fi- : therefore 

CB+EB^^?+J^^H-^^±^ « ^^' . 



H-^ 
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Example XII ♦. 

58. Let the given right line CG in it's firft -^^^« 
lituation coincide with the right line AEj 37- 
and let the end G move along the right 
Jine ED in fuch a manner that the other 
end C may pafs with an uniform motion 
from A to Ej and, at the fame time, 
fuppofe a point B to move with the fame 
uniform motion from C along the line 
CG ; then, by the motion of this point, 
will the Curve ABD be defcribed : To 

. find the point C in the line AE where CF 
is a Maximum^ BF being always parcel 
to DE, and BH parallel to AE. 

Put A E«s:ED=5=CGs=tf, AF=sx, and AC 
«ssCB=2J J then, CF=x— 2;, BG=j-^;?, 
und FE=BH=tf— ^. Now, by 4 E. 6. 
GB ; BH :: BC ; CF, that is, a^z : a—o^ 
:: z : Ar*~^j %*tf*f — tf» — pf2;-4-«*=<w?— xjbt, 
pr ax — 2tf«-j-2^*c=o ; the Fluxion of which, 
equation is ak — 7.az^izz=io : but, when 
GF or X— 2; is a Maximum, it is evident, 
that, xxs:iz\ therefore, by dividing by ^c or i;, 
we hav^ a — za^izs=xo^ or 2:^=1=^1 aaxt 
therefore zx=\a^ ox, the point C bifects the 
}ine AE wh^ CF is a Maximum. 

Corollary. 
♦^ Invented Anna 1756. 

M 2 
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Corollary. 

Since CB = BG; therefore CF=BH=ar 
FE==7CB 5 and confequently, when thcf 
angle A ED is not an Obtufe but a Right 
one, the angle BCF will, when CF is a 
Maximum, be =6o^, 

f 

E X A M P I E XIII. 

59. To find the point of Retrogreflion B In 
1^* the Qmtra£fed Semicycloid ABD j whole 
^ ' generating femicircle AGF is greater thai^ 
it's bafe FD *. 

Put the generating femicircle AGF=tf, 
bafe FD=^, radius OG=^, CG=i, OC=^, 

or-f 

• This Curve may be thus geixeratQd.— Lt^ the femicirdif 
af roll along upon the right h'ne/V equal to it and perpendi- 
fcular to it's diameter /« : then will the curve ABD defcribo} 
by any point A taken ijoithout the faid femicircle and in the 
radius O a produced, be a Contraffed Semicycloid, For, dc- 
fcribe the concentric femidrcle AGF; in ^y poiition of 
vvhich, . as BRK, to the generating point B draw the ordinate 
CB parallel to the bafe FD, which laid baHe niuft evidently be 
equ^l and parallel tofdi through the center draw MR pa< 
rallel to the diameter AF; and with the radius oB defcribe 
the arch 6M : then will the arches' AG, MB, and RK, be 
equal, and/P=:CG; and therefore GBB=:C/=yr=: (by the 

fmeration) arch rk\ but, femicircle AF : femicircle afi: arch 
K : arch rk ; therefore, femicircle AF : fd or. bafe FD ;; 
arch AG : GB ; which is the property of the Cycloid. (Sec 
art. 35.) 

- 'This 'Curve may, with propriety, be called an extmw 
Cycloid. 
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ordinate CB==y, and arch AGz=zi and let 
the point g be fuppofed indefinitely near 
to G, and ng parallel to CF; that is, let nG 
=i^ and G^r=2;^ Now, if the Increment 
G^ be fuppofed a little right line perpendi- 
cular to the radius OQ, the right angled 
triangles OCG and Gng will be fimilar; 
and therefore, by 4 E. 6. CO : OG :: »G : 
Gg-, that is, X : £r :: 5' : z\ or (art. 7.) x : 

* • cs 
c :: i : z=— . By the known property of 

X 

the curve, ai b v. z i GB= — j therefore 

a 

CG+GB=^+£f^;^, which, at the point 

©f RetFogreffion, muft evidently be a Ma- 
ximum ; it's Fluxion therefore is =0, that 
IS, becaufe the Fluxions of s and z are ne« 

gative tp eaph other, — •^+"--- = ^ s from 

a 

• • 

us cs 

which equation we have zz=:—. Hence — == 

b X 

-7-; and therefore ax=LbCj and x=z=— =0C. 
b a 

Ory ♦ Put the generating femicircle AGF 

=tf, bafe FD==^, radius OG=r, and OC 

==^5 and let gb be fuppofed indefinitely 

near 

f Invented Anno 1760. 
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neiar imd pardlel to GB« Novr, it is evU 
dBnt, th^tf at the point of Retrogreflloa B^ 
^« tangent muft ba pefpffndicular to the or- 
dlifu^te s that iSt at the laid point, the Incre^ 
Itiisnt B^ is perpendicular to iv ; and there^ 
iorey becaufe the i^fBi^/^oBvy the right 
angled triangles Biv and B/9 or G CO art 
£milar $ and consequently, by 4 £• 6. B^i; : 
v& :: GO i OC. But, t)y the nature or gc-^ 
neration of the curve, a : 6:: Gg orBv : vb. 
titiftt thertfore, a : h :: GO : OC, that is^ 

be 

0: b ;: t \ AT; vA^=±:— ==OCi asbefqfe. 

Cbrtjkries. 

T« At Any point B in the curve^ if to tfto 
eoffefpondin J point G in the circk, we draw 
the right line TG perpendicular to the ra- 
dius OG, making TG : GB w a\b^ that is, 
if TG Be made equal to the arch AG ; or if 
Bat be made equal to the radius O^, and xz. 
be drawn parallel to the tangent GT and 
equal to the radius OA ; then will the right 
line drawn from T or 5; to B, be a Tangent 
to the <5urve at the point Bi For then the 
triangles TGB &r 2wB and'Bv^ will be fimir 
lar; and ^titimt^ &c. 



\ 



2. If the right fine ^QJ^e drawn pe;|>eii«- 
^ukr to the i:d(Kus OA ; then, when cht^ 
point *Q ariwes at the bafe FO, the point Sk 
win t)e in the pokit xrf Rctrogreffion fi. 
For, fince at the faid point of RetrogreiEcm, 

«:=:— J by analogy, <i xb w c \ x^, that is, 

fen>icirck BRK : femicirclc prk :: 69i n Qti 
therefore, the femicirdes being as their rad^ 
t>K and or^ the point t coincides with r, tiiaft 
is, the ordinate CB coincides with jiie right 
fine^; and the triangles "kop and Bot are 
equal and iknilar • Con&queiatl^y, R/ is po:^ 
pendicular to po ; and thi^refore, 6x.'--^Efastf^ 
the foflliowing 

Make DRcsarch ^ ; draw R/ equal an4 
paraUdl to f^, and rB equad and parallel to 
aCX;. thtn wiH S fee the point of Retro- 
greffion required. 



CHAP. y. 

Of finding the Paints ofjr^edlion in Curvets. 

60. When a Cur\'e from being .Qnicave 
becomes Convex towards it'^ aids 3 or, from 

being 
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being Coavex becomes Concave ; then, thaf 
Point in it where the Change is made, or 
that which feparates the Convex from the 
Concave part, is called the Point of Injkc^ 
tim. So that, if to the Point of Inflexion 
a Tangent be drawn, it will cut the Curve. 
Thus, in/^-39. if AB be coflcave afid 
jpig^ BY convex, or, in^. 40. if AB be convex 
2 9. and BY concave towards the axis AX ;, then 
40. B is the point of Inflexion : where the Tan- 
gent TBG cuts the curve. 

61. Now, it is evident, that, in any 
Curve, in order to determine whether the 
Abfcifs or Ordinate flows with an acce- 
lerated or retarded motion, or, to find the 
value of it's Second Fluxioriy it is neceflary 
that one of them be made to increafe or de- 
creafe with a given or uniform motion, with 
which the fwiftnefs of the increafe or de- 
creafe of the other may be always compared- 

Suppofe the Abfcifs therefore, it being the 
moft natural, always to flow equably, of 
equal parts of it to be defcribed in equal 
times 5 then, becaufe the Direftion of the 
curve from A to B {fg. 39.) or from B t^ 
Y (Jig. 40.) continually approaches nearer 
to a Parallelifm with the axis, it is evident, 
the ordinate between thefe points muft flow 

^ with 
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^ith a motion continually ketarded : and, 
Ibccaufe the Direftion oJF the curve froin 6 
to Y (jig. 39.) or froni A to B (fi^. 40.) ap- 
jiroaches continually nearer to a Perpendi- 
cular to the axis s therefore, between thefe 
poihts, the ordinate niuft flow; or increafe, 
with a motion cbiitihually Accelerated. Con- 
fequehtly, at the point of Irifle6tion, the or- 
dinate will fldw with neither an Accelerated 
nor Retarded Bui with an Uniform m6^ 
tion : thbrefdre, at the point of Infiedlion B; 
the Second Fluxions of the aBfcifs and brdi^ 
iiate will be ±^6. 

Ory Let B^ ht a given right line alw^y^ 
jparallel to the ba(e; Bm a Tangent td the 
curve, and Hm a right liiie parallel to thd 
Ordinate. Then, it is plain, that, before the 
ordinate arrives at the point of Inileflion; 
the right line «*, in^. 39. will be cbnti- 
niiaiiy tiecreaiing, and afterwards conti-* 
hually Ihcreafingj or, 'in Jig. J^6. will be 
continually Increaiing, and afterwards con- 
tinually Decreafihg : {heirefdre, iat the point 
of Inflexion, it will be neither Increafing 
noi" Decreafing; but will, mjig. 39. be a 
Minimum, br, ih^- 40. a Maximum 5 and 
confequently, in either cafei i^'^ Fluxion will 
be =0. But^ by art. 24. the right lines B//, 

N . nm^ 
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nm^ anjd Bm^ are as the Fl^^^ipn^ pf 
abfcifs, ordinate, and curve, rdp^lvely^ 
Hence therefore, the Second Fltfxionf of the 
abfcifs and ordinate, at the point of Inflec-' 
tion, are :^o ; as before. 

62. Now, iince, in general, theordiij^fie 
C6 and the meafure of it*s Fluxion, nm, 
flow together j or, fincc tjie Fluxion of the 
ordinate CB is always as the right line nm, 
^d the (aid right line is a Variable or Flow-* 
ing quantity * ;> therefore, to find the Se£Qn4 
fluxion of a Fluent ^ or the Fluxion of an Ex*' 
preflion containing the Firfi Fluxions of any 
variable quantities j every Fir^ Fluxion, not 
fuppofed Invariable, muft^be confidered as a 
diftinfl: Variable quantity, and the Expref* 

fioii 



* If th« right line m^ be invariable ; dien, the curve will 
degenerate inip a right line, and the ordinate will flow uni^ 
formly, or the Fluxion of it be always the fame. > 

If the right line nm be variable ; then, the velocity with 
which the ordinate flows will likewife be variable : And, the 
velocity with which the line nm increases or decreafes will 9I-* 
ways be as the increafe or decreafe of the velocity with whicli; 
the ordinate flows ; that is, the Fhudon of the line nm wilt '; 

be as the Second Fliupon of ^e ordinate CB*. 

if the right line nm does not uniformly increafe or degi^afe f 
dien» the velocity with which the ordinate flows will not uni« 
formly increafe or decrease : And. the increafe or decreafe of 
the velocity with which the line nm increafes or decreafes will 
always be as the increafe or decreafe of the acceleration or 
retardation of the velocity with which the ordinate flows; thaK 
i^, the Second Fluxion of the line nm^ will be as &e Thiri 
f Iipdon of the ordinate CB« 



i 
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lion be put into Fluxions t^ t\xe Rtdes laid 
down in Cbajp. 2. 

Thus, the Fluxion of zyy is zyy-^-zyy, that 
iSf ^y^-^zyy; or, ify be invariable, it is ayS 

The Fluxion of ^ is W^^'-^ o^, frnce 

jdther xor jf m^jr be fappofed invariable^; 
(that is, either a: or y to flow with aa uni<-> 
^rm motion,) , if we make x invaciabtei i% 

mWhcitzJ^. Alfo, the Fhiriott of 

» 

9CX m I ■■111 ■ ■ II i i ■ wi n ^ -. « 

The Third and Fourth Fluxions, &c. are 
found in the fame manner, due regard be- 
ing had to fuch Fbixions as are fuppofed 
invariable. 

63,^ Hkmce, to find the point of Inffec- 
jtion B> pull the Eqiuu^ii of the curve 

(where the abfcifs AC is 2=^ ojf a^x^ and 
the ordiiiati5CB?==y,) mto Fluxions; from 
whieh, Of from other properties of the 
eurve, find the value of x^ or y ; and put 
Ais X or V and it's value into Fluxions, 
making betk x and y =0 : then^ by e%-^ 
W^^^S ^^e ^eft of the, Flvixional quanti<< 

I* ^ toes. 
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tic?, you may have x or jj, at the poiot p£ 
Inflexion fought, determined. 

64. But, the point of Inflc6tion may bcj 
found without the help of Second Fluxions. 
For, if TB be a Tangent to it, it is evident, 
tjiat, AT, the Difference between the fub- 
tangent and abfcifs, will be a Maximum. 
And therefore, to find the point of Inflec- 
tion, we need only to find a definitive ex- 
preilion for the Subtangent, hy Gbap.^^. and 
the Difference between it ana th6 abfcifs j^ 
and then make the Fluxion of this Difference 
=0. — And fometimes it may be determined 
in a New and different manner ; as will be 
(hewn in the fqUo^ng Exs^mplQ. 

EXAMPX-E I. 

65- To find the point of InfleSlion B in the 

i ^* ProtraSed Semicycloid ABD ; whofe gcnc- 

4^^* rating femicircle AGF is lefs than if«. 

bafcFD*. 

Put 






* This Carve mky be thus generated.*— Let the femidrck 
afroW along upon the r^ht line /!/ equal to it and perpendi- 
cular to it's diameter y^i ; then will "the cuive ABD defcribed' 
by any point A taken iviibin the faid iemicirde and in the 
radius Oa, be a ProtraBtd Semicycloid. For, deicribe the con- 
eentric femicircle AGF; in any pofition ef which, as TS^Xi^ 
tQ tl}; generating point B draw {he ordinate CB pandlel to the 



i 
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Put the generating femicircle AGF==:/?^ 
fcafe FD5=^, radius OG=r, CG=^, OC=^, 
ordinate CB=pv, and aych AG=iz ; and let 
the point g be fuppofed indefinitely near to 
Q, aiid ng parallel to CF, fhat is, let Gn 
^'^ ng=2x'y and gG=:z'. Now, if the 
Increment Gg be fuppofed a little right line 
perpendicular to the radius OG, the right 
angled triangles QCG and Qng will be fimi- 
lar • and therefore, by 4 E. 6. OG : CG :: 
C?» : ng, that is, x : s :: s' : x^^ or {art. 7.) 

;f I s :: i : x, vi=:*— • By the known pro- 

•* - 

perty of the curve, 4 : i ::z : GB=— ; there- 

r 

fore CG+GE|=i+^=y ; the Fluxion of 
which equation, becaufe the Fluxions of s 

and z are negative to each other, is~i4-— 

' a 

3C.X hz 
^y. Hence, y=p; — — |- — , that is, (bccaufe 

■ ^ 

^ . _^ - ^ 

»..../'■. • - / . V » 1 . , 

bafe FD9 which iaid bafe muft evidently be equal and parallel 
ts>fd\ thr^gh the center o draw Mr parallel to the diameter 
afi and with the radius oB defcribe.the arch BIV^ : then wil( 
the arches AG, MB, and RK, be equal, and /B^CG ; and 
therefore, GBi=:C>=-/9'=: (by the generation) arch rk\ but^r 
ienudrcle AF : femicircle afw arch RK : arch rk \ therefore, 
femiarde AF \fd or bafe FD :: arch AG : GB; which is the 
|»opcr^y q£ the Cycloid. (See art. jjj.) j ' 

' This Curve may, with propriety, be called an inmrwr Cydqd. 



g4 ^^ fliTlt02)UCTiO!f to tie 

Iqr 47 E. I. s=zc*^x*]j,) jtzsz—^^ ^ 

4— Z. But, by 4E. (>.s\c :; x^ : 2'j that is, 
a 

r*— x*H : ^ :: y : g=5=, , , i.^, 5 wherefore, 



"> 



by fubftitution, ysg(— .. . -^ — ,- 

i II Til... Now, the Fluxion of this 



I 

liquation^ making both oi and 3^=10, is o: 



F "t^ ' 






that is, (by reduaion,) o«==:fC^y±2l' . 
whence, oss — ^f-^ix, ^nd thsrefofe Mttn 

* 

Or*, Put the generating femicirclc AGF 
a, bafe FD=3, radius OG=r, and OG 
<i and let ^^ be fuppofed indefinitely near 
and parallel to GB. Now, it is evident^ 
that, at the point of Inflection B, the angle 
made by the tangent and ordinate mufl be 
a Maximum ; that is^ at the faid point, the 

* lafCBled ^889 1760. 
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iJBhys a Maximum. Bttl:> by tba n«ttii« 
or generation of the curre, a : hi; Gg or 
Bv : vh ^nd, by Trigonometry, Aif. : tB :: 
t.L.vBb : s.jLQbv j therefore, the feid z.B^ 
is the Greateft when vB is perpendicular to 
B^. Confequently, at the point of Inflec* 
tion B, the tangent is coincident with tho 
raidius ^B 3 and the triangles B^ and /^B or 
CQG are iimilar : therdbre, by 4 E. 6^ Bv 
: 1)6 :: CO : OG5 that is, ai b \i x: cj \*x 

s=^=C)C s as before. 

Corollaries. 

1 . At any point B in the curve, if to the 
torrefponding point G in the circle, we 
draw the right line TG perpendicular to the 
radius GG, making TG : GB w a\by that 
is, if TG be made equal to the arch AG -^ or, 
if B^ be made equal to the radius O^, an4 
xz be drawn parallel to the tangent GT and 
equal to the radius OA j then will the right 
line drawn from T or 2? to B be a Tangent 
to the curve at the point B. For then the 
triangles TGB or zxB and B^ will be (imi- 
lar^ and therefore, &c. 

2. If the right line AQj3e drawn perpend 
lUcwlar to the radius Qa j then, when the 

point 



} 
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point Q^rrives at the right Mvit fd paraHel 
to the bafe FD^ the point A will be in the 
point of Inflefiion B. For, fince at dtfe 



faid point o^ Irifleftion, i=--. j by aria- 

b 

logy, biaiiti^^ that Is, femicircl6 prk : 

femicircle BRK i: oB : Qti thereforfe, the fe- 

micirdes being as their radii, ro : ^B :: B^ : 

6t^ that is, ot or OC is a third proportional 

to the radii Of and OF, and the triangles 

raB and Bot are iimilar. Confequently, rB 

is perpendicular to po ; and thpre^re, &€. — 

Hence the following 

CdnftruSiiori. 
Make D]S.=:arch fe ; draw rM through 
the point R equal and paiallel to /A ; msdkd 
iR=OF ; and laftly, defcribe the femicircles 
MR and or : then will the interfe6ting point? 
B of the faid femicircles be the point of In«' 
fleftioh required, 

E X A M P L E IL 

66. To find the point of InjkUion B in the 
Fig^ Conchoid of Nicomedes AB 6cc. ♦ 
42* Put PE=±:j, EA=:^i EC=*, and CB 

^^>ithen(^/.33.)>>=.j^:^^j^^. Now, 
- '* the 

^ See the generation of this Curve, art^ 33. mtf* 



the Fluxion of this equation, making 
both X and j^=o, is (by reduftion) o=b 

3;±J^I=l^£^:^i:^ J therefore, zab^^ 

3iax* — jv'=o; by which equation, y, and 
cbnfequcntly the point B, may be deter-» 
mined. — And, i( a=zlf, it will be 2^^-^3^x* 
-^Ar'=o; which divided by ^-j-;^, makes 
2tf* — zax — x*=:o; frdm which quadratic 

equation we have x=z 3^*1* — a* 

Con/lr'uSiion. 

Make P»=:f.PE ; draw the indefinite right 
line nm perpendicular to Vn ; make E 1=2 
f E A ; draw the right lines sr and Vm paral- 
lel to each other and perpendicular to the 
right line mr ; make E/=EA ; arid parallel 
to sr draw the right line /C : then an ordi- 
nate drawn from the point C virill fill on the 
point of Inflexion B. For, by 4 E. 6. CE : 

E/ i: Vn : nm. that is, x : b \i }a : — =w/» • 

arid Fmnmttmn: ;2r,that is, f^ : — :: — 

: — J. =:«r > again, /E t EC :: sE : Er, that 

15, ^ ; X :; ]^ : }^=:Ers therefore,, («E be- 

O ing 



i 
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ing ss:]^) nr=:}a^}x. Hence, - — ^=^^<^ 

-|-j^» and therefore 2ai^=:i^ax*'^x\ or 

Or, 

When az^ii make P-z;=:PA, ^dPC=» . 
E-y : then will C be the point in the ab- 
fcifs from which the ordinate to the point 
of Inflexion muft be drawn. For then 

Pi;*— PE*l»=3^^=z=Ev=PCf and there- 

fore, £0=3^*— tf=Ar. 

Example IIL 

67. To find the point of Inflexion B in the 

F^g^ Curve ABY, whofe Equation (putting 

43- the abfcifs AC=zx, ordinate CB==y, and 

the^ perpendicular AE=^,) is 'ax^:s=:,a^y 

The Fluxion of the equation of the curve 

is 2axx=ia^yJ^2xxy'\'X''y I therefore, >^5ss 

2axx — 2Ar^y ^1 ^ • /i • . ax* r 

-^q^, that IS, (by writing ^^^p^for 

y it's value.) y— , ^^'^ . and theFluxion of 
this equation, making both x and 7=0, 13 

which 
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which multiplied by a * 4->^*Yand divided by 
2Jf';c*, gives o = tf*+A:*]* — 4^ *x* — 4^* 5 

thererore 4a:*+4<j*a;* = ^*-|-^*\* ; which 
equation divided by x*-|-^*, makes 4^:*= 
^2*4"^*' therefore, 3 >:*=:^*, and ;v=tfy/f ; 
and, if this value of x be fubftituteJ for it 
in the given equation of the curve, we (hall 
have yy or^ the ordinate at the point of In- 
iiedion =i::^<^. 

ConJlruSiim. . 

Make A^=} AE ; and with the radius ^E 
defcribe the arch EC : then will C be the 
point from which the ordinate to the point 
of Inflexion muft be drawn. Fpr then eC 
=:ftf, and by 47E. i . C^*— ^A*=AC%that i^' 

Note. 

If it were required to find the Afymptote 
to the curve : — Suppofe the abfcifs and curve 
to be indefinitely extended : then^ becaufe x^ 
will be indefinitely near to equality with a* 
-^x^y we fhall have jf (which by the equa- 

tion of the curve is=:/^x--p-r— ^,) iiihlefinitely 

near to equality with the given right IBie a; 
that is, y will then be =^, minus a quantity 

O 2 in- 
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indefinitely fmall. Wherefore, if from the 
point £ a right line, £Z, be drawn parallel 
Xo the axis, AX, it will be the Afynaptot^ 
fequiredt 

Scholium. 

68. In any Curve, in order to know whe- 
ther it be concave or convex towards any point 
^fiigned in the axis \ find the value of y at 
that point: then, (art. 61.) if this value qf 
y comes out Pofitive, the curve will be con- 
vex towards the axis ; and if it comes out 
Negative, it will be concave. 

Thus, in the laft Example, if it were ret- 
quired to find whether the Cur/e be at firfl: 
concave or convex towards . the axis i-rr-Supr 
pofetf==:io, and make Ar=i, or jc= any 
number lefs than a ^/J or 10 ^/f ; then, 
becaufe y may here be (;onfidered to be al- 
ways as^*-|-^*]* — 4^*x* — 4^*, the expref- 
fion for jy will come put Ppfitivej and thcr^r 
fore, the curve is at firft convex towards th? 
jixis: And, when x=6, or a:= any num- 
ber greater than a y/J or i o ^/Ts the faid 
expreffion will come out Negative 5 and 
therefore, then, the curve will be concave 
towards the axis. 

CHAP. 
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C H A p. VI. 

Of finding the Radius of Curvature, 

69. AS the curvature, or convexity, of all 
curves, but circles, varies in every point; 
therefore, if circles are defcribed coinciding 
with a given curve in any number of points, 
the Radii of thefe circles will be different : 
And the finding of thefe Radii is the bufi* 
pefs of this Chapter. 

70. And, becaufe all xurves, but circles, 
are formed or generated, or may be con- 
ceived to be formed or generated, by the 
evolution, or winding off, of forae other 
curves; therefore, the centers of the circles 
which coincide or have equal degrees of cur- 
vature with the different Points or rather 
Increments of the curves thus formed or 
generated will always be in the curves to be 
unwound 5 which curves are called the Ew- 
^utes 5 and the others formed or generated, 
or conceived to be formed or generated, by 
their evolution, are called the Involutes. 

7 1 • Thus, let DEF be any curve, called pi„ 
an Evolute ; round which conceive a thread a a. 
to be wound and extended beyond the curve 
frpnji D in a right line to A 3 and let this 

thread 
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thread be evolved, or wound ofF, from the 
cui-ve DF, fo that it b6 continually ftretched 
at it*s full length as it leaves the curve : then 
will the point A generate, or defcribe, the 
Involute curve ABY; and the right lines 
AD, BE, YF, will be the Radii of Curvature 
at the points A, B, Y, refpc6tively. 

Corollanes. 

1. The radius of curvature BE will al- 
ways be equal to the length of the curve ED 
and right line DA : And, confequently, if 
the vertical diftance, or fhorteft radius DA, 
vaniflies ; that is, if the radius at A be no- 
thing ; then, the Involute curve will begin 
at D3 and the curve DE will be equal to the 
radius of curvature at the point B, 

2. Becaufe (18 E. 3.) the radius of a 
circle is perpendicular to the tangent, the 
radius of curvature at any point B is al- 
ways, perpendicular to a tangent at that 
point. 

3. The radius BE, which is perpendicular 
to the Involute at the point B, is a tangent 
to the E volute at the point E. 



PRO. 
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PROBLEM. 

72. To deduce a General Expreffion for BE 
the Radius of Curvature at any point B 
in the Involute Curve ABY whofe Axis is 
AX and Evolute DE. 

Put the abfcifs AC=Ar, and ordinate CB 
=zy : and fuppofe bE indefinitely near to 
BE, be indefinitely near and parallel to BC; 
and Bm parallel to AX ; that is» let Cc or 
B«r=x', and nb^=zy^. Then, B^ being c<hi« 
lidered as a little right line coinciding with 
a tangent to the point B, the right angkd 
triangles B«^ and BCH will be fimilar ; (for 
Z.EB^z=z.CB;^, and therefore, the z.EB» 
being common, the i^ s n2^b and CBH are 
equals ergo^ &c.) and, the 2lB3/;j being right, 
the right angled triangles mnb and bn^ will, 
by 8 E. 6, be fimilar alfb. Wherefore, by 
4 E. 6, B« •. nb :: BC : CH, that is, x^ :/ 

v.y x'llj- =CH s and therefore, by 47 E. i. 



' ^ x^' \ x' 

x^*+3^i ; alfo, AH=:X'\-^^ : Again, B» 



X' 

./a 



: nb :: bn : nm^ that is, x^ : y' :: >' : nmz=^ 5 



• » 
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V B^=A:^4-i-i.. Now, bccaufe the DireC- 

x 

tion of the curve ABY approaches conti-- 
nually nearer to a Par allelifm with the axis 
AX; therefore, if we fuppofe the abfcifs 
(AC==x,) to flow with an equable or uni- 
form motion, that is, fuppofing x' or x to 
be invariable, or always of the fame value j 
then, the Increment of the ordinate (CB=5^,) 
or the Velocity or Fluxion with which it 
flows, mufl: continually decreafe ; that is, 
the Second Moment or Second Fluxion ofy wilt 
be negative : and therefore, Hb, the Incre- 
ment of AH, viz. the Increment of ^+^, 

will be =:x'+Z — JL, . Now, the triangles 

x' 

EBm and EHb are evidently fimilar; there- 
fore, Bm—Hb:BmM (BE— HE=) BH : BE, 

that rs, ^ : x'^^ :: L x 7*+/^^ ; 

x' AT X' ' 

E^^=BEj or {art.y,) BE=JiM^ • 

Or, With the radius EB defcribe the cir- 

■'^'^•cular Arch BK; which Arch will therefore 

^^' have the fame Degree of Curvature with the 

Involute Curve AB at the point B. Draw 

the 
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the radius EK parallel to the axis AX ; and 
produti the ordinate BC to L, to which 
draw AN parallel. Put the abfcifs AC===^, 
ordinate CB=^, radius EB or EKs=r^^ 
KN=tf, and N A=:^ ; then, LE=r-*-tf — x. 
Now, if we fuppofe the abfcifs, ^> to increale 
uniformly, and B/« to be a tangent to the 
point B ; then, if We draw inn pirallel to 
BC, and B» parallel to AX, by art. 24. Bf?> 
nrn^ and /«rB, will be as the Fluxions of the 
abfcifs, ordinate, and curve, refpeCtivcly 5 
that is, B« will be as Xy nm as y^ and (be- 

caufe by 47 E. i, B/»=B;2*+^/wTi) B>was 

^*+J'*)^« Now, the triangles Bnm and BLE 
are fimilar ; therefore, by 4 E, 6, Bn \ nm 
:: BL : LE, that is, x :y :;>+^ : r — a — x; 
\'rx — ax — xx^nyy'^iyi the Fluxion of 
which equation (fuppofirig x invariable, and 
therefore, the dire6lion of the curve AB con- 
tinually approaching towards a parallelifm 
with it's axis, the Fluxion of ^ as negative, > 



is — x^z=zy^—yy — by s vx'*+j^.*=/&-f->'x>'4 
Again, by 4 E. 6, LB : BE :: »B : B»;, that 

is, b'^'y : r :: x : ^*+7*i^ V^+;^= 



which fubftituted for b^y makes the abjve 



I^ ^/r iNTtRODtrjeTION t6 tblf 

x'-{^y'= ^If^Ly i therefore, **+>* i4 

^•'t?*'* . t ==r=x;BE> asbdbft. 

73. iVJ?/r. When the abfd6, at, flows with 
an tiniforin motion j- it follows frooK art. 6 1 . 
that the ordinate^ y^ Sows with a retarded 
idotion when it indreafes and the ctirve i» 
concave, or when it decreafes and the cufvtf 
is convex towards the axis ; and with an ac-^ 
cderated m^cicm when it decreafiis and the 
carve is concave, oif when it intredfes and 
tl>e ctirve is convex towards the axis. Nowy 
when / increaies with an accelerated mo- 
tion, or it's Second Fluxion is affirmative^^ 
the Genci'al Expreffion for the Radius of 

Curvature will be === — IR ..X ; where thcr 

— xy 

Negative fign fliews it's pofition. 

74. Hence, fcecaufe we iftay Fabftitute i 
fot any invariable Fluxion*! if we put? 



• The fubftituting unity^ or i, for an invariable Fluxiori, 
has no other tSt€t Sian it's making the operation lefs labofU 
ops ; and, in reality^ it is "ho more than making unity the 
Standard of the other Floxionsy orredacing tl&e other Fluxiuns 
to a comparifon with i« 



PocTRiKE gf Fluxions. I07 
issziy the General Expreffion for the R^diiw 

of Curvature will be iz=iltO. when y in- 
creafes with 9 Retarded motion, or it's Seconds 

Pluxiqn is N^gatjbire $ andcg' ''f. ' . when y 

Increafes with ^n Ajccelersyte^ ipotion^ or it'js 
Second piuxim is Affirmative. The former 
takes place when the curve is Concave, and 
jthe latter wheji it 4s Convey towards the 

axis.^^ — ' ^Wherefore, if we put the Equa- 

.tiqn of tbp giv^wj eurye^ gKpr-^fling the rel^ 
tion between the abfcifs 9p and ordinate y^ ^ 
Into Fluxions, making ^=3 1 j ori frpm t^ 
nature of the curve, find the value of izs^i 
in terms of ^,y, andjt j a^d then put thi& 
pixional Equation into Fluxicfns again, ftill 
lUbftituting I for^, and nasiHing the Fluxioi^ 
pf y Nfcgatiye v^hen the pijrvc is Concave, 
and AffirRi^tivc \yhen it is Convex toward? 

the Wi frftW.thenc9,t3ie Viteoi X^^ff- 

fond zndfquare oj Hcit jirji Fluxions of y may 
be determined : which "being fubftituted foy 
them m one of thefe two general esprp fliQns, 
vi?. in. the former when the Fluxipn of jf is 
N?g9^^?i W4 i^ tbe latter when it is Affir- 
' Di^tiye ^ we (b^i have a deiinitivn expreffion 

P 2 ' 'for 



n 



w 

io8 jin Introduction to the 

for BE, that is, an cxprcffion for it free 
from Fluxions, or, ihc Radius of Curvature 
required. 

75. The Vertical Diflance^ or Radius AD, 
may be obtained, by writing for x and y their 
values, in the General Expreflion for the Sub- 
normal CH, which was found in art. 72. 

(= ~, that is, by writing x for x^ and j? 

X 

foxy',) =?=^> or, making x= I, byfubfti- 

tuting the value of y in yy^ that is, by mul- 
tiplying the value of y by y; and then mak-*. 
ing y vanifhin the definitive exprcffion which 

will then be found. For, the expreflion 

for the Subnormal CH being the fame a!: 
whatever point in the curve B is taken; 
therefore, if it be taken at A, where v va- 
nifhes or becomes =0, the point C mufl: of 
confequence coincide with the vertex A, and 
the points E and H with D: therefore, &c. 

Example I. , 

JF/V, 7^' ^^ fi^^ *^^ Radius of Curvature at any 
46. point B in the Parabola AY. 

Put the parameter =ia^ abfcifs AGc=j^, 
and ordinate CB ==;;. Now, by a well 

known 
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known property of the curve, tfx==y* ; the 
Fluxion of which equation is tfx-nsajjy, or, 
making x=:i, it is a\=2yy j therefore, y=i 

^ >• . si. ' 

-, for j^ is =; ^wf I * by the equation 



of the curye : And, th? Fluxion of th^s 
equation again, (the direction of the curve 
approaching cpntinually towards a paral^ 
lelifm with the ^is, arid therefore the Fl% 
xion of J' being negative, art.bi.) is — y^=^ 

: Whence, y * = == — , and^sss 

tS • * 

-. Now, if forj^'andjjwcfubftittjte 



thefe their values, we fiiall have^"^* * , the 

y 

general expreffion for the ]^adiu$ of Curv^«< 

— \ — .i 

IH- — — vJL 

vature BE {art. yj^.) s=: — 2 — -^ — ^^ 

t . . . 

ConfiruSiiony *' 

Through the poiht B defcribe . the femi- 
circle ASn ; bife^ Cfs iii H 3 make Hr= 

2 AC J 



« » « 



{(4C ) and drop tl^e pf rpendicul^r rE, terr 
ipjn^l^d. by the pg^t pnp B^ drawn tjirougli 
Ih^ point H ; then wU| ^P l>e the Radius 
of Curvature |t the point B. For,.by 35 E. 3. 



BC 



B€ 



ax 



ACifCff, pr -jpr5s;C», that i?, 



(0sssCir| and therefore CI^s=:|4, and Cr==: 

^i« -^^ 2«^ : by 47 E. I. CIFTCE^i ^ BIP, 
Aat is. i>"»'f iiiff ;=5PH| andby4E.6.eH 
: HB :: Q" : BB, that is, jtf : i'^^+^' 






tfj?\* 






>B. 



^tf/^ 



; 77. By wfiting ^f i it^« v^up ^ » *»^ J'i^ 

(tfff.75.) we^have t or |tf=s= AD the vertical 

iXftance. WW<^ to? t^^th may be in- 
vlerrtel from the exprfffioa fpr the Radixis 
BE; for, when the faid Radius become^ 
the yertical Diftance, that is, when tl^e 
point B coincides with A, x vanifhcs ; an^ 
therefore, by ftrildng J\a^ out of the W 

Ia - - ■ 

expreffion, we have --Xs=|tf j as before. 

Ex* 



ExAtAvitlh 
yS, To fin^ the Radius of CurvaHtte «t any pig^ 

Put the radius OlE^ ot dt>==d, abfcils 

. ACi^x, ordinate CB=^>, fiiie IQssr, ani^ 

arch FG5s=i. Now, by 35 E. 3. lO iB 

DIxIFF, that b, s = zay—y^]* j the FIu» 

xiohof^hichequatlohisi=-&^: Aar 

by &c natui-g oF the Cydoid, (ki>f . j]f.) irctl 
DGrsG&t and therefore, arch FG=:GI+ 
AC, Or AC±i±aH-ch FG— GI, that is, xz=kZi 
•*— j= (Ky fubftituting for xit's above value,) 

z — 2ay—y^^ ; and the Fluxion of this eqda- 

lion, makihg x±= i, is lateg-f^ — -^ "^ • 

2ay-^y^Y ♦ 
But {art. 72.) 2r==:J*-|^y*)*==± (by writing fori 

... ^y 



2V3fy — -^•j* 



if 8 above value/) f. ^^J, +^^ 
wMch {iibftifuted for k m% 

equation i== "^ - ' ' ^ '^~^^ ' ^ that is, 

24)*—;^*)* 2tf^-^>*p 



>^«*< 



<| Set how this Corve may be generatid, i?r/. 35. mu. 



1 



lit An liJ THoDvcTioyn to tBe 

1=2 ^ — ^ \ therefore ^c a^^^"^^ ' >; and 

the Fluxion of this elation (the Flu- 
xion of y being negative,) is — j^ =z= 

writing for j^ it's equal,) — ^ ; that b^ jy=s 
-1. Now, by fubftituting ^fc?^ for y \ 

and—: for j^, we have, by art. 74. JT^^ £=s 

___jr__L«__£^=2.^^» = BE 

a —ay 

the Radius of Curvature required. 

Confiru6lion. 

■ Make FHs=GB.j and through the point 
H draw the right line BE, making BH= 
HE=chord GF : then will BE be the Radi- 
us of Curvature at the poiht B. For.tfr/. 3 5. 
a tangent to the point B is parallel to the 
chord DG, and by art, 71. coroU 2, the ra- 
dius 



.Doctrine g/* Fluxions. tii 

4ius of curvature is always perpendicular to 
the tiangent 5 therefore, becaufe ty 3 1 £• 5 . 
the Z.DGF is right, BE muft be parallel to 
the chord GF. Now, by 4 and S E. 6^ 

DF : FG :: GF: Fl or CB, v GF=DFxCfij 

s=zay\^, and 2GF=2.25^*=aBE. 

Note. 
79. By art. y^. if we multiply tlie value 



4 



of j^, viz.-^?! — :0-, by^; we Ihall have the 



y 

Siibnormal CHz=i2ay—y^y -^ which, when j 
vanifhes, becomes =±:o, and equal to the 
vertical Diflance : fo that the Vertices o£ 
the Evolute and Involute curves coincide^ 

E X A J4 P t fi III. 

5o. To find the Radius of Curvature at afiyF/^ 
point B in the Curve AD ; whofe nature 4^* 
is fuch, that, the Triangle CBT, made 
of the Ordinate, Tangent, and Subtaft- 
gent, is always proportional to the Ordi- 
nate CB 5 or, whofe Subtangent CT is 
equal to a given line =:tf . ( See nrf. 36.) 

PutGC=A:, andCB=iy; then, by/zr/.ir. 
f^=tf, thatis, if ;f h6 made =i, ^ t= a% 



-"^.-4 



'/• • 
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vj?=: -; therefore, j^*r=:2^, and (becaufe 

here j^ flows with an accelerated motion, or,. 

• 

it's Second Fluxion is affirmative,) yz:=:^,that 

•^ a 

is, (by fobftituting^ory it's value,) y=:Z . 
Now, by writing for j^ * and y thefe their values^ 

■ >. J. . 

in lltLL, (art. 74.) we have — - ^ ' . • - rsa 

—y —y 

— "^ -r±: the Radms of Curvature fought : 



Where the Negative fign, only (hews, that, 
the Evolute and Radius of Curvature lie on 
the other fide of the curve with regard to x 
and y. 

ConftruBion. 
Draw B* parsdlel to CT, Tn perpendicu- 
lar to TB> »E perpendicular to »B, and EG 
parallel to T» : then will BE be the Radius^ 
of Curvature at the point B. Fop, by 47 E. i, 

BT=TC»-l-CB»]*r=ia»-|ry*|% and by 4E. 6. 
CT : TB :: TB : B«^ that is, a : tf*+;'*l'' :: 

^rq^T . £l±£.=B« y and, CB : BT :-.7?B 

u 

:BE, 
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s BE, that is,jr:^q^» :; £±?^ ; SEX 

Example IV. 
S I . To find the Radius of Curvature at any Fig. 
point B in the Curve AD \ whofe nature 49. 
is fuch, that the Tangent BT is every- 
where equal to a given line =^, 

Put GC=5J^, and CP;=5y s then, by 47 E. i . 

> 

TB»— BC*^^=CT, thatis, tf*— ^*]^=5CT 
5= {itrt* 25.) ^} or, making i== i, «a:*--y»|» 

— Ij \'y.z^ ^ -:', therefore^* =-/' - 



and (becaufe the Fluxion oiy is afiirmative,) 
*-* — ' • » that is, by lul>r 






ftitutiug for j^ it's valupx j?= ^__ |^ 



-. Now, by writing for j^* and y 



thefe their values, in JX^LL, ^^rif. 74.) wc 

0^2 have 
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«» I » 



have 






^=: — - X tf*— vM*" = the Radius of Curva-. 

turc required : Where the Negative figti 
ihews it's pofition. 

ConJiruSiion. 

On the extremity of the fubtangent, T, 
eredl the perpendicular TE ; and draw th^ 
right line BE perpendicular to the tangent 
TB : then will feE be the Radius of Cur-^ 
vattire at the point B j or, the point E will 
be in the Evolute curve. For, the triangles 
CBT and 5TE will be fimilar 5 and there- 
fore,, by 4 E. 6. BC : CT :: TB : BE, that 



82. The General Expreffion for the Ra- 
dius of Curvature found in art. 74^ being 
only for Curves referred to an Axis ; we 
fhall now deduce one for Spirals^ or thofe 
Curves whpfe ordinates are referred to a 
fix^d or central Point;. 

83. 



DcJCTRINft ofFLVXlONS... Il/: 

: fij. Let CBY be the Curve; C the cent-,, 
f al point, or that from which all the ordi- 
nates ifTue ; and BE* the Radius of Curva- JF/^. 
ture at the point B, that is, let the point E 50. 
be fuppofed in tfie Evolutc curve : conceive - 
C6 and E6 indefinitely near to CB and EB» 
that is, let the points B and i be fuppofed 
indefinitely near to each other 5 and let CP 
and Cf be perpendicular to EB and E6 re- 
ipe6lively : then will the points F and r be 
indefinitely near to a coincidence; and there- 
fore, art. 7, Br and Cr may be taken as equal 
to BF and CF. Now, if with the ordinate 
CB, as a radius, the little circul^ir archB« 
be defcribed and confidered as a little right 
line perpendicular to C^ ; and the Incre- 
ment B6 be confidered qs coinciding with a 
tangent to the point B; th^n, the little right 
angled triangle End will be fimilar ^-to the 
right angled triangle BFC ; (for Z-CB^s^, 
ZEB^; and thereforp, Z-EB» being com- 
mon, theZ-CBF=^z.»B^; and confequently, 
the angles at F and n being right, z.BCF=s 
/LBBni) therefore, by 4 E. 6. ^B : B» :: CB 
2 BF; that is, (if vyje put the ordinate CB==y; 
Bff==s^-> and nbzszy'y when by 47 E. i. Bi> 

will 



y» 




ri8 [AtFlXTHObVCTIOrH to iifff 

^^ , ^.==BFprBri AndB^:^a::BC 

asCF or Cr} the Increment oi which 
i$ jj^; that is, (fuppofing x* to be inva- 

nable) ^^^^-^, Tl — 

= — ^ ^^ n v — z, ::^rf. Again, the tri- 

*'*-{-y»p 
angles EB^ and E// being fimilar, B^ — rf : 

B^:: (BE— rE,or) rB : BE j that is, («'*-^y*l» 

—&^', or, ^r^ 7. BE== ;x^;+r r ■, which 

is a General Expreffion for the Radius of 

CxKT^ature of all Curves referred to a fixed 

or central Pointy when pc' or x is invar 

riable. 

84. 



^4. Hence, if x be made = 1, ihe-Gcr 
hcral Exprcflion for the Radius of Curva* 

vature will be = y^'+r\\ Where- 

fore, if we put the Equation of the given 
Spiral into Fluxions, (making ;>c=s:i,) and 
-put this ftuxional Equation into Fluxions 
again 5 and from thence, or from the na* 
ture of the curve, find the values of j/* indvy: 
then, if for j^* andjjf we fubftitute thefe their 
values, in this GeneraLExpreHion, we {hall 
have BE the Radius of Curvature required: 
As in the following Examples, 

Example 1. 

85. To find the Radius of Curvature ztpig^ 
any point B in the Spiral of Archimedes^ ^\^ 
Cfi &c* 

» / 

Put the circumference of the generating 
circle AF &c. =i/, and it's ra*diu3 CA—:^ ; 
ordinate CB=f , arch AF=2;. Let C/ be 
fuppofcd indefinitely near to CF,. that is, let 
the 2LFC/ be fuppofed indefinitely finall ; 
and with the ordinate CB, as a radius, de-* 
fcribe the little circular arch B/r, which put 



«i«-4kSi^ 



* 5ce how this Curve is generated, art, 39. nore^ 



Us. 



^2b !i4>i Introduction to the 
^=x'5 alfo, put Tf=iz'. Now, by thcTna^ 

ture of the curve, a i b v. z i y. or :2;=-^, 

« 

the Fluxion of which equation is z=^z 

b 

And, by the fimilar feftors CB;i and CF^ 
y \ x^ :: b : z'z=i — , or, art. 7. 3=±-^. Hence 

y y 

2-=— s that is, (making ^±=: I,) -r=-*5 

by ^ by 

b* 
from which equation we have j5^=-— ; there- 

ny 

forey*=^ — , andj^^s^^^^^ — ^ s=i (by writ- 
^ a*y* -^ a*y'' ^ ^ 

^+ 

ing for j^ it's value,) ——5 And, if we 

y 

fubftitute for ^* and y , thefe their va- 

— — ^i 

lues, we fhall have ^^/T"^ .. (art. 840== 



JL 



dius of Curvature lbught« 



BE, the Ha- 



C^ 



f 
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Confiru^ikn. 

^Through the center C draw the indefinite 
^ght line Hi; perpendicular to the ordinate 
^B I draw the tangent TB, perpendicular to 
Which draw.BH ; produce BC; to V^ making 
BRa=TH, and RV^rCHj with BVapd BR, 
as radii, defirribe the arches Yv and Rr j draw 
the right line vZ \ and from the i{iterie6ling 
point r draw rE parallel to vH : then will 
BE be the Radius of Curvatrire at the pomt 

B. For, (tfr/.39.)CT=^, that is> by 

iTubiftitutirig^forTK, CT=±i^5 and by?, 
arid 4 E. 6. f C t CB : : CB : CH, that is, 
^ -^ :: V ; £ =-CHj therefore TH=BR 

b* a b* a 

and, \j 47 E. i- HB=sBC«+CH*)^ =* 




^ : iH :: »• : BE> that is> % + ^ 



19 



Hi J» iiif jtodt^cTioM id 0^ 



w- <d. To find the Radlas of CtitvatWe » ttiy 

ra. ptJJftt B Id &e iLogari^hmc Sptnd CBY > 

^oieEqu^ltion (putting flie ordinate CB 

sb/, Cttive CBstsx, and tf and ^ for two 
^vttk^^xiDfS!a»i)naiss^, (See <rf.4e.) 

The FhaioA of the equation of the ctirtre 

k 9ziBz^ i fherefoK^ ^^4%, Let the angle 

BC^ b6 Aippoied indefinitdy finatl; and 
with th^ ordinate CB> as a f »Uu8, let the 
Bttib orcutar arch B« be deferibcd* i'Jow* 
if we confider 6« as a little right line per' 
|)en<$k»ilar to C^ and 2$ as a titde i^t 
line coinci^g with a tangent to the point 

B J then, by 47 B. i . B^=B«'+»^»p, that 
is, (putting B«===«', »^3aej>^ and B^sesaf,) 

«'=x' »+/»)*, or, by fabftituting the Flii- 
xion for the Increment, 2s=>^*4'i'')^ «*•* 

•• • 



is, (if wcputxaBsi,) ittsi+^T* Hence 



^.V«M. 
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Z« i-|^»l*j which ^qoadon i<|¥iarpd ii *■ 

« l+j^* i and this JjMu^es ^» « ^ * 



T» 



therefore, /ss--^r-7 i a^d, this jjeins ai| 

invariable quantity, therefore jrspo. Now, 
by writing for >• and y thefe their ^ues, 
the general expreffiqn for th^ Radius of Cur- 



ill* 






■ An 






-d* 









•y?c 




Hi 



^* a 

le Ra^R^s of Curvfiture required/ 

Draw the tangent TB; p^ipeo^oto ta 
which draw the right Uncf BE, terminated 
|)y the fttfatangent TC psroduced: then win 
the point £ he in the Evolate coprti or, die 
fight line BE wiU be the Rac^us of C\irva- 
tiire at the point B. F^r then (TE being 
perpendicular to ^e ordinate CB,) by 8 £. o. 
^ trianglqs CTB and CBI^ wiU \>fi ^milar | 
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snd therefore, by 4 E. 6. CT : TB :: CB s 

B.E } that is, (becaufe by art, 40. CT : TB 

:: b^IIa*\* : 4) b^^a*Y ib.'.y ;yx ■ . 

==BE. 



«*i 



G HAP; VII. 
()J finding the Nature pj the, lE>vobfte cfagi^n, 

Jwpolute Curve. 

AS it is abfolutely ncceilary for the Learn- 
er to be. well acquainted with the foregoing 
Chapter before he enters upon this; we fhall 
not here define the meaning of Evolute and 
Involute cuiT?s, it being fufficiently explain- 
ed therein, 
p/g-, ' 87. Let be be the Radius Qif E^^lutioit 
53. (or Curvaturq) at^y point B in the Invo^ 
lute curve AB, whofe ablcifs is AC=x, and 
ordinate CB ==y. Parallel to HA draw EN i 
produce fiC to L; aiid, equal ^d pji^aUel 
to CL, dr^w DN from the yertex of the. 
Evolut? DE. Then wiU the triangles BHC 
and BEL be jTimilari and therefore, by 4E.6, 
BH ; HC ;: BE i EL, that U, (by art. 



ami;.) I x'F^^* -jl v.'^-^d^ -, y y, 
-XL I and HC : CB :: EL : LB, 

that 



k'- 




that is, ?i :y ::^xil±l* : ^yii« LB. 

^ • xy. • y. 

Now, thefe are General Expre|fions for EL 
and LB, when ^. is fonfidcred j^s invariable, 
and the Fluxion of jf as negative. H^nc^ 
therefore, 

88. If *=?i, ju^d tlie Flu^on of^be 
negative ; the General ISxpreffion for BL 

^yill I^e =3s y^, and thi^ multiplied by y 

y 

IS yx-4Z.-=: the General Expreflion for 

Jt ... , . -■ 

LE. Now, by help of the Equation of the 
given Involute curve, exterminate jr,^S and 
JK, out of thefe expreilions, as in the preced- 
ing Chapter j ^nd, liy art. 75. find the ver- 
tical diftance AD* Then, if we put the ab- 
icifs of the Eyolute DNz=:^, and it's ordi- 
nate NE^t;; by help of thefe two equa- 
tions, tt==BL— BC, and v=AC— AD+ 
LE, we may get the Nature of the Evolute 
curve DE required. 

S9. Note. If the given Invi^hxbe be con-, 
yex towards it's, axis, and x and y increale 
together, or the Fluxions of x alid j^ be both- 
affirmative ; then, the General ExprefHons 

for BL and LE^fiU bci±^and vx^i^ 

• re- 



n 
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filSptQant^ I wherem, ^ Negative figa 
lbcwSf^tbaf> the pouits !,< and'Eznuftbe 
taken bn the Concave fide of the Involute 
fRitve, that is, on the otl^er fide ijf it with 
yegard to x and j^. 

Exam j» If e I. 

90. To find the Nature of the Cprvc DE, 
hf v^ofe Eyb^m^n ^ f^^la AB it 
(lelcnbied. 

Fut ACfs^i CB==y i and PNcs^v, KB 
siPtH JIow, (by mt, 76.) ^ass — -"ZT. » J^ * ^ 



JL and yjaa . ^i ■ ■ i wlifh yalmw of 7, /*^ 

»id >, being fubftitute^l for them, make the 
QfiM^ Exj^^flion for Bt, yt», ^^^^ C«r^ 

U^' pi ai til l " ■*'i^r^P*»<» ^jHfc iwii > .i-t. It i 



-^»)f^N 



If 



88.) WW,.,.. r-: ^# • — ^ 

and that ibir LB^ w^ixJli^sisixBLm 

. \?? ■ • 

XKoxy 



i^itctlfrua^ ^ Fxuxioiis. i^ 



(arBL— BC) 



a 



O' or) flS)' 




te-l^^iffL} an() (becatrfe hy Sri, yj: thtf 



vertical difonce AD is sfbl^?,) v (=sAC 

AD-fLE) s-ix-^a'\-2x+{a=i2^' Now^ 
tike jfemMif of therfb two eqn^tiaas (tiodcicdt 

I an4, tbft cube of the iMtsr, 4i- 



«» 



tf» 



i6 



Vidcd by ^, 1l «'s=?^ : thcrcfbrci *** 
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vf 16 

of the Curve Dl^ expreffing the r^lattoif 

between the ablBfi and ordiiiiit^ j and, ^ 
ipquatioa of the Serriicubioil Parab<ol« 

'^ipfhofe pimniseter is 2II,) beitig the ikme; 

^erefore, the Evolute DE is a Bemtcuhieal 
Parakkt whofe vertex is D< 



'^ i- • 



f \ 






* . • - 

/ -Ex A M if 1 E n. ., 

^;C ^i. To find the Nature of the Curve AEP^ 
U ^y y^^^ Evoludon the Cyclotd ABD il 
defcHbcd *. 

' Put ACsiiJe, CB=jf, arth FG=2, an^ 

. - . — — — \-i 

ODorOFsatfi then («r/.78.) jgi=s ^^~^ ' » 



i^r^»i*9MMaMf% '' 



.«8.) M,=idt?-= - T- ^. ■ > = V> 

and LE^ixBLa: \ . ^ V « 

•2.2tf_y_^»f. • Hence, i^ We put the metis 
AN=», and ordinate NEs=«v, we have « 
.(=BL— CB=) 2y--y=^y* and v== (AC4. 

LE=) x+2.2d*— y»l^ that is, (becaufe, 

or, (writing » for ;^ it's eq^al*) v = « + 

2fl«— «*f. Wherefore, the Evolute curvtf 
AEP is ^ Cycloid, and equal to the given 

Cy-» 



See in what maimer a Cjcbitih generated, arh^s- •'"• 



Cycloid ABD. For, let ASssSVstf $ then ' 
(AN being si=FI,) AT=:FG±=:af, md f^ 

sss?<i»--«*]»s=IG} and therefore AT-J-TN 

=«-f2tf»— «»)•', that is, At-J-TN=n6 j 
which is the pr<^r^ o£. the Cycloid; there- 
fore, ^ Eyolutie AEP is a CydkAd $ and, 
becaufe AVssFD, therefore d^e Cydbidy 
AEP »nd ABp jtic equal. 

Example lit' 

^2. To fiM the Nature of the Evotott df P!!^ 
the Cutvt A0, wfcofe Tangent BT is 55^ 
cveiy-where equal %o a gt^en line s=stf« 

Let BE be the Radius d[ Ci^nratur e at 
tiie {NMnt S i. ttien (^irf . Si.) ijf a j^^^ndi* 
cular be cre^ed on the point T« it wUl pa&- 
throu^ the point E i wherefon^ whsa l^c 
point T ^ncides mlh F, that Is, when the 
lang^ luid oidioate becpo^ or the 

points B and D ecAadiey ihs poant E will 
fifcewile coincide with Di am&iivteotif, the 
Tertes of ditl Efdbte coibdKto wj^ liiat <^ 
the btrolufie. 

Pot G^s5/ GCssdT, C^jv 

akid^S^BVi ^hea« (4fif«^f..)>j 




"^ 



\ 
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y^sss — ^- — . and yga ■ . : wherefore, 

(art. 89.) BL = 1±^ = i^-C-x — 

£3L*«, fizi:, and LE «=s> x BL *= 

^ X ''*~r -a: ^j«*— v»)^. f th*t is. 



2 X 



(becaufe the Negative -fign only ftiews that 
the pQint:> L ami B'muil: be tadkiin oa ^e 
Concave fide of the Involute ciw^e DA,) 



i4.^«» 



BL=:i.!zL, and LE=^?V^|*. Hcnee 
we have tt= (lB+BC— DF=) 5~:3!!-{^ 

\ y 

y — a^ which equation gives y=: —7—1 and 
therefore;/ = fli- $ alfo, -t;r=: (GP~ 

s • • • 

fore vzsi—x U—- == (becaufeT)y gr/.yi. 



•t 



^y X ;^c:7i^ — t^^^ rr'^'y .that 

isV (by writing for >; and jj^ their albove yar 

* ■ • • 

lues affefikedwith u and if, ) .^sg s ? ri/^ ■ i h t: 

which isr an Equatidn fbr . tbec&Yolflte BS;^ 
and IS' ' alfo an Eqif atrob -txfi^ Si6 XHafena^ * 
curve: therefore, the Eadbotc^Effi-oi^the.. 
Catenary *. 

Or, The above Equation of the Evolute 
may be found thus. — htiEn=zu-^ and ne=zv^i 
then, the triangles etiE and TBE being fimi- 
lar, we have, by 4 E. 6. en : «E :: TB : BE, 

that is, v' : «^ :: tf : — ^ == BE, of (^r/. 7.) 

fi5^==BEi but,by47E- i.BE=ET»— TB*^^ 
that is, (becaufe ET=:NF=u+tf,) BE= 



tt-j-^Y — a^ =«*-|-2tf»l*: therefore, f^ 



au 



u'-'^'ZauY, and ^= ^ — ^s as before. 

SCHO- 



I 

MM 



, • The CaUuary i» a Curve, as ADB or adh^ formed by a 
flexible lifie or cbaia hanging freely from two points of vat- Fig% 
penfion, A and B» or a and ^» whether the udd points be ^ 
horizontal or not. S^* 

S2 ' 



§^, Thie Ejrolute of a Spiral^ ht indeed 
af tttf other Carve, may be defcr^bed, by 
^Sng tht Radii of Corvatcrre at feverdl 
pdnts in the Invdiite ; For t)ien we Ihall 
lUve as naoy pouitsin the Evdate; 4iiroi^h 
tirihichy if a Carve fine be drawn, it «vill be 
lbs EivAiBo fyaj^9 . 



PART 



( nj ) 






PA R T II. 



•A« 



%iiMMMMi'«i«li 



C H A P. I. 

Of Infinite Series ♦• 

AS the Learnet may, perhaps, he \mr 
acquainted yAtJi Infinite Series, the 
knowledge of \yhich i$ ibmjetimes abfolutely 
nfceOkry in ord^r tp fin4 th^ Fluents (or 
i]|owil]ig quantities) pf Fluxions exprefied m 
a Fra^onal manner^ and oJF f|)ch whendfi 
t^^eKt are Sqrds or Radical quantities ; and, 
hecaufe in ibme of the following page^ the 
Fluents of fuch FluximaJ exprefjions are to 
he fouled i the addkig of this Chapter may 
therefore not be improper^ though it is^ in 
i(>me meafure, foreign to the bufinefs ii^ 

hand. 

P R O B. 



f The MeAodft of reduang compoond expreffiom into ^. 
fiuU Stria f fiy divifimi and extracting of lootf, as tauriit m 
this Chi^ter^ were invented by the great Inventor of FTuxi9ms 
about the year 1664; who at the iame time, or rather alittle 
before, invented the celebrated Binmmal Tiiorem^ 
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P R O B. I. 

rract] 



into an Infinite Series j . that is, into a num- 
ber of terms, vrhich, if infinitely ^conti- 
nued, (hall be equal to the given fractional 
.cxpreflion. 

Example I. 
94. To reduce into an Infinite Series. 

Plac? the denominator a-\-x as 9 divifor, 
and the numerator A as a dividend $ and di- 
vide, as lii common algebi-aic divifion, until 
you have 4, 5, 6i or moreterms'in the Quo- 
tfcnt; after which yo«l* may find as many 
terms as ybu plcafc, by Only^amfidcring the 
hw of the progreffion Of the termfr-ayrcady 
found. Thtrs, thb foor fti>ft terms' bfharg 

1_ ?? 4. ^ — fi. (fee t)ic pperatioh be- 
a ' a*" a* a* 

kw,) die /aw of the Coirtinuation i>f\hit di- 

Tifion, or of the -Smw," is plain j for each 

Succeeding term is evidently produced by 

multiplying the Preceding by — - j and con- 
fe^icBtly, the fifth term will bc-l — j- , the 
ferth term — ---i &c. 



a" 



Ope- 
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Operation: 

I \ 1 ib bx .bx* bx^ , M 



a ^* 4 






a ' 
hx hx* 

a a* 
o +— 



bx* 

, 6x* 
o -i 



Or, If wc put X before « , in i2ie denoml" 
nator of the above £Fa£kiotial expreffioni^ 
that isy if the divifbc:fae phcod thus, x^^a, 
indead of a-^X', then the Quotient, or 

5^/«,wiUbc£ — ff + ^—^ + f^f. 

Whence 
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VfhfXict, the Aiw of the continuadcn! 
may be obferved as before. 



S CHOIr I UM.' * 

9^. In Gcneraf, in order to have a true 
or converging Series, or that in Whkh the 
terms continually Decreafe, the Greateft 
term mud: be placed firft. Thus^ in the 
abo^ie Example, if ^ be greater than x i then 
a muft be the firft tend in the divlfor, and' 

L-.^+^~^+ &c. will be^he tn^ 

Series: But, if at be greater than 4; then^i^ 
muft be the firft term m the divifbr, and 

1-if +^-i£r+ &c. iviU be Hie tmt 
X X* ^ x^ :c* * 

Series s the other, then, belng^ a dii/erging 

one, the terms in it continually Ixicreaiing;? 

and confeqilently the falther you go in the 

Series the farther it will be fr<Mn the trutli. 

Though it is injpc^ble to take any num^ 

ber of terms in the Series tiiat ihall tm/y ex* 

prefs the value of the quantity ghto ; ye^ 

in general, a few of the leading^ terms «nil 

be near eiu>ug^ die tixdi Sk* any pnipo^ . 



fjCr 






E X A M P L E II, 



b6. To reduce —r -; — 



- 'm\o an Infinity 



Series. 



Operatiom 



+ 



^ 

^ 



CO 



CI 



^1 ^ 



ft 






I 



5< Uj 



M4 <* 



+ 



vl -J 






^ 



§ 



I I 



^1 

col 

+ 












+ 

O'i 






- } 



Now, from thefe font terms of the ferlcs 
it is cafy to fee the law of the continuation 
is fuch, that^ the numerators are the powers 

T of 
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of Xy whofe Indices are i Icfs than the nuixr*^ 
bers of the terms to which they refpeftively 
belong, mukiplied by the faid numbers > 
'tliat, the denominators are the powers of /f, 
whofe Indices are the fame with thafe of the 
numerators; aincj that, tht figns of the terms 
ire alternately changed. So that, * the ftb 

term is + 2_., the 6th term is — - — j and 



jfb on. 



d^ 



P R O B. IL 

To reduce a compound Surd quantity inta 
an Infinite Series f thiat is, to free a conj;- 
pound expreflioti from Surds by throw- 
ir^g it into a number of decreafing terms^ ^ 
which, if infinitely continued, fhall be c- 
qual to the quantity given. 

Example I. 



97. To reduce ^*+4J>^*l* into an Infinite 

Series. 

Take the fe[uare root of ^ *, whicli is a, for 
the Firft term of the Series ; (fee the Opera- 
tion below;) then, this fquared and fub-^ 
trafted from tf*+4J^% leaves 4^^* 5 and thi^ 
remainder divided by the double of the firft 

termfy 
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term, (^s \n the common arithmetkal ex- 
traclion of the fquare root,) wsr.by 2a, giyes 

21f* 

+ — - for the Second term of the Series ; 
which, with the double of the firft term, be- 

ing rrtultiplied by -=^ the faid fecond term^ 
gives 4y?-^ 7> and this fubtra6led from 

4/» leavifr-— --7-3 which divided by the dou* 
' ble of the two firft terms of the Series, viz. 
by 2<i4-^» fii^fcs — lZ_for the Third term 
of the 5fri« j which, with the double of the 
two firfi terms, Wa, 2<?4-^^> being multi- 

plied by — £^ the fjudthjrd term, gives — 1^ 

^S?!!4.4/ , and this fubtrafted from — i^ 

< 

leaves — ^ — ^^Z-, which divided by the double 

pf the three firft terms of the Series already 
foimd, viz. by 2^4-4:L. — £?L, gives -f- 1^ 

for the Fourth term of the Series. ^ After 

{he fame manner may be found any number 

T 2 of 
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of terms in the Series r And^ wh^n the ki^ 
of the progrcflion^ or of the continuation of 
the Series^ is difcovered, the terms may be 
continued on at pleafure^ 

Operation. 






I 

+ 

I 



+ 






^ 


1 1 


<v 




IM 1 


'm 





5^h 


^ 




vOJq 


>o 


"^a 


!■• 


krt 


* 


^ 


"i: 


• — 


* 


• 








»4 


*« 



h 




eo'l«» 



+ 






i« 



o 



'i 

o 



\ 









CI 






+ 

Q 

I 



H I ■ 

+ 



+ 



£x-^ 
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Example II. 

g8. Tp reduce i — x — ^y*)^ into an InfiniU 

Series. 

Operation: 



D 



O — X— ^ 



^* 



4 



a— ^) o 



A J 



-if! 
4 

4^8 ^ 64 
5x» 25X* 



8 64 
5x» 5x*, 25y« agjc* 

8 ^ 16 ^ 64 ^"256^ 
64 64 256 



So that i-^x— **")* is s=: I — - — ^ 



? 8 



46 



And; 
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And, after the fame manner may any fuch 
pommpn Surd quantity be reduced into aij 
Jnfimte Series : But^ with much greater eafc 
and expedition, 

99. All fort? of JraBional and Jurd 
Quantities may be reduced, into Infinite Sf^ 
ri^s by th,c celebrated 

Binomial Thiiiqrem*^ 
which is this, viz. P+PQ|« === P» +- AC^ 

+ ^ BQ+ IT- CQ+ ^ PQ.+ 

? EQ-f e?f. Wl^erem, PjfPQ^epre- 



5« , 

ifents the (^antitf wh<^ Power is to be 

thrown into an Infini/e Series | P the Firft 

term of that quantity, which, in general, 

muft tie the Oreateft j Q_Ae Other, or Re(| 

pf the terms^ divided by the Firft s — the In- 

fdex of the power, whether it be affirmative 
pr negative : arid A=: the Firft term of the 
Siries, B==: therSccond, C=: the Thir4, D 
the Fourth, E= the Fifth, &c. that is, 

A 



1 ^ 1 ^ ^pi— ■ I ■ I ■ — ^i»^» n ■ I I I Sim 

' ■ ■ , - ■ 

• The Truth of this Theorem h^s been flcmonfbated by 
yarious Writers ; the Proof of it is therefore here omitted. 
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^r:£fcQ,E=t=^?l=:3?DQ, &c. 

The following Examples will explain^ 
and fhew the great Uie of this curious and 
noble Theorem. 

EXAAlPLE 1. 



loo* To reduce <3t*+4;^*]* into an Infidie 

Series^ 

Here, 1^=^% Q==— a /w=i3i, »=i, A 
^j B— ^>* C— — ^>^ t>— 4:^' E—— 

SZHtf^ U imT^ J Will — ""- ■ ■, J^—— ■ — > M^ »^— ■ 

1^, &c. Therefore, a»4-4y»\^=:tf4'2L' 

a* a* a' 

E X A M p L e ll. 
I01. To reduce — ^1 — , that is, 4*^^^^^r^< 






tf*-r-yM" 
into an Infinite Series. 



1^4 -^ iNTRODtJCTIok to the 

E—llZl, &c. Therefore, a*— >»]~^ ^ 1 

I28tf» ** 

£ k A M P L fe III. 

102. To reduce , that is, i — oc^% m^ 

to ah Infinite Seriei. 
Here, P3=i, Q== — x, m=z — ij «r=Bii 
A=i, B=zx, C=zx\ Dz=x^y E=x^, &c. 
^Therefore^i— ;c;r' = 1+;^+^;*+ ^» +x*,®c. 

Example IV. 
ic?. To reduce -1-., that is, i+^t^S into 

l+AT 

an Infinite Series. 

Here, P=i, Q=a:, ;»==~i, »=±i, A 
j_i^ B=— Jtf, C=;c*,D=— a;', E=xS&€, 

Therefore, I +A:]"'' =?= i — at+a:*'— Ar'+A:*,©*^* 

104. But, we may o^ten find the Seriei 

anfwering to a propofed Quantity by the 

following 

T H E R is A*, 

viz. P+PQ\«==:P«X : i + ^Qf"-x . 

^^ n n zn 

^^ ;/ In yt n zn 

3» 
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.JZ£? X ^Zl2f Q^^ &c. (which, indeed, 

is the fame as the former, though differently 
exprefled,) with ftill greater eafe and expe- 
dition J for, in this, no previous dedu6lion 
is requiied; and both the numerators and de- 
nominators of thefrjadlions — , — ^, ^ ^^ ^ 

'^^ , Gf^, are Scries of numberis in arith- 
4» 
metical progreflion, which have the fame 

common difference ». This will appear by 

the following Examples. But, notey the 

Former Theorem is, in general, befl iadapted 

to (hew the Law of the Series. 

E^ AMPLE I. 

105. To reduce-r;--— -^, that is,/J*-j-x*j *, 

into an Infinite Series. 

X* 

Here, P==^S Q=— , )w=s— i, «2=2. 



r • ill 



I X* 



Therefore, tfM-x») » =5 i x : i— — + 

2<«* 8tf* i6<»» i28tf» 

U Ex- 
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E X A Nf P L E n. 

106. To r^uce a^xV mXazxi Infinite Serkjf, 
Here, P^tf, Qs=^,w=i;5,«=3. Therc- 

fore.H=^' :^^ix : , + ^ + -^. + 

(j.^.—v-x' . <;-2.--i.— 4-Jg* . ^^^ = <,V ^ 
3.6. 9.<»' 3-6.9. 12. tf* 

3 9flj 8ia^ ?43<«' 

E X A k J i E HI. 
io-». Torcdace— J— , that is, b-^a-^x^^f 

into an Infinite Series. 

Here,"P=^. 0=--, w=±:— 1, «r==i j and 

mm m — n m m — n m — 2» 
therefore, _. ^ x -_, - x _- x -^. 

^x ^=^x ^:Zl« X ^m^, Gf.. wiUbe-i 
and -f- 1 alternately j and confequently ^ >« 
^-R is=:^x-x '.I— - + --—— ,4--j-r 



tf a a* tf' <«■ 






Ex- 
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E X A M P L E , IV. 



lo8* To reduce i — xY ivAozxxInfinite Series. 

. Here, P=:i, 0=;;— -;c, w=:i, «=4- 
Therefore, i — x\^ = i — \x-\- 



1.-3^. 



4 



.8 



4.8.12 ' 4.8.12.16 

^,__i;f 3_j»» 3'7 jgi 37iiL_Ar* 

' * 4.8 4.8.12 4.b-.i2.i6. 



Scholium. 

The Sum of any Infinite geometrical le- 
jtvies.decreafing, is equal to the fquare of the 
firft term divided by the difference between 
the firft and fecond. 

Thus>4-x-[-^+— +©"<:. is=-^; an4 

^_>:4.^_ll+Gff.is==-fl.. For,<^r/.94.) 

if tf* be divided by « — ^, and by a\x^ the 
Quotients will be thefe infinite feries of 
Terms dccrcafihg in geometricaLproportion 
^ijQtinued, 

y^ CHAP. 
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CHAP. II. 

Of finding the Fluent of a given Fluxion^ 

109. The Bufinefs of the DireB Method 
of Fluxions being to find the Fluxion of a 
given Fluent, or the Velocity with which a 
Variable quantity flows at any point or term 
affigned J fo the Bufinffs of the Inverfe Me- 
thod of Fluxions is to determine the Variable 
quantity, or Fluent, from that Velocity or 
Fluxion being given^ And this, in General, 
may be done by the following Rules^ thcfe 
being the convcrfe of thofe delivered in 
Part I. Chap. 2.* 

Rule I. 
110. To find the Fluent of a Simple Flu- 
xion, or, of that therein there is no va- 
riable quantity and but One fluxional 
letter. 

Substitute the variable or flowing let- 
ter for it's Fluxion : and you will have the 
Fluent required. 

Thus, the Fluent oiax is acr ax^ {art. 14,) 

Rule 



■ ■' . ■ ■ I ■ I ' L i i ' J J I ' l 



• To treat at large on the difkicnt way^ for finding the 
Fluenti of the nnbounded variety of Fluxional Expreffiens, 
would, by far, exceed the limit" of an introdu^sry Tradl : 
This afFair therefore cannot, witlj propriety, be handled here 
in fo very exteniive and copious 9 manner* 



^ 
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Rule IL 

III. To find the Fluent of a compound 
fluxional cxpreffion confifting of the pro- 
du£ts of two or more flowing quantities 
drawn into their Fluxions; that is, which 
confifts of the Fluxion of each quantity 
drawn into the other or product of the 
reft of the quantities. 

Multiply the flowing quantities toge- 
ther: and the Product is the Fluent re- 
quired. 

Thus, the Fluent of xy^xy is =2 *yj the 
Fluent of ^)f2? 4- xyzJ^xyz is = xyz ; and the 
Fluent of vxyz-^-vxyz-^-vxyz^l^vxyz is = 
vxyz. (^r/.ij.) 

Rule III*. 
J 12. To find the Fluent of a Fraftion 

iike ^^ZlfZ. 

^* 
PiyiDE the laft term in the numerator by 

the Fluxion of the Negative fquare root of 
the denominator ; then, divide this quotient 
by the Affirmative fijuare root of the deno- 
minator: 



• This Rule muft be ufed with caution, as it is not appUi*. 
ptbl^ io fraiftional exprefiions in general. 



|,5P jin luTKODvcTiov to fbf 

pinatcr : and you will have the Fluent re* 
(|uired. 

Thus> the Fluent pf ^^ / icjsa -.{art, 17,) 

y* y 

R u L E IV. 

I 

113. To find the Fluent of an expreffion 
compounded of different ^uxionary terms 
connected together by the Signs-j-and — . 

Find the feparate Fluents of the different 
terms; which connect together by the Signs 
of their refpe^ive Fluxions ; and you wilj, 

liavc t^c Fluent required. 

• • 

Thus^ the Fluent of ax'\-xy'\rxy-^. ^^~^% 
is zz:zax-\-xy [art. 19.) 

Ru z. E V. 

1 14. To find the Flupnt of an expreffioii 
which conjfifts of the Fluxion of a vari- 
able quantity drawn into any Power pf 
that quantity contained any number of 
times ** 

1 ^. In Simple JExpj^fliQns,^-— ^Strike out 
.iS^t fiuxionaf l^tt^v I add i to the Index pf 

the 

♦ The Ruk f^ls whenThe iBdex of the Powicr is -r L ^ 
£od the Fluent then, fee Ruk 6. 
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the Power J and divide by the Index thui 
increafed : and ytfu will have the Fluent 

r^uired. 

Thus, the Fluent of 2x*x is =s f x* j the 

Fluent of ^ -^, that is, of — a:--*x, is = ^ 

^-.*+i divided by — 2+1, that is, =22--—— 
i=i-" :c= ^ Arid, Univerfally, the Fluent 
oi rnx'^^'i is ^ ** 5 ^tid the Fluent of 
_x» 'x is sss x2". 

2<^. InComjppund ExprelSons,-«-where the 
fuxionary part is equal, or in an invariable 
ratio, to the Fluxion of fhfe quantity \Mader 
the vinculum,— Add i t& the Indftx »f the 
Power } and divide by the Fluxion of the 
quatatlty und«ir the vinculum, drawn into 
the Index of the Power thus increafed i and 
you will have the Fluent required. 

Thus, the Fluent of x-\-x^\ x ix-^txx 
is ^ ^EltiS?? = hRI' i and 

the. Fluent of — ^ x x— ^ | ^ x ;^ is i=s 

R u L R 
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R u L » VI. 
lie. To find the Fluent of a compound 

b 

fluxional expreflion, like —r— x, or 



1*'. Throw theexpreffioh intoanlnfi-* 
nite Series ; and find the Fluent of the Se- 
ries by the foregoing Rules : and you will 
have the Fluent required. 

h 
Thus, to find the Fluent of —r^x ; throw 

a-\-x 

the expreflion into a Series j which {art. 94.) 

is_^-*J^+*^-— 4-0r. and then 

a a^^ a^ a* ^ 
find the Fluent of this Scries j which, by the 

preceding Rules, is = ^— -^H-—-— 

4. &c. and is the Fluent required. 

And,to find the Fluent o f- — ^ ; throw 

theexpreffionintoaSeriesj which, (art.ioS') 
is=*jfx:— r+^— ^+ ^^' "- 

^—^4. 3^—5^+ &c. Now, the 
a 2a* 8fl* i6tf^ 

Fluent^. 
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^Fluent of this Series, by the foregoing Rules, 

is ^t^^J^+if^ ^ 5if 4- &v, which is 
a 6a^ 40^* liza'' 

iihc Fluent required. 

2**. Or, Became (ari. ^1.) the Fluxion of 
the Hyperbolic Logarithm oiF any quantity 
i^ equal to the Fluxion of that quantity, 
divided by the quantity itfelf j therefore. 

The Fluent of ix-Y- is ±= ^x Hyp; 

Log. of a'\'X. JFor, the Fluxion of tf ^-x is 

1 ■ • • • 

"• -- ' »■ • . ■ : 4 ^ A/* 

^, which divided by a-^x is — r-r • 
And the Fluent of he.. — ^Li- is s±i ^ x 

Hyp.tog.pfx-ffl^4^*". FoJr, the Flu- 
Sdon of ^+ «*+*•'* IS x+- 



"T^T^i 



which dix'ided by ^4" ^*HR*1" »s : 



»* 



X S C H - 
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ScHOLltr'M. 

rr6, TftQu«« the Fkxioft of ^nyPtecnt^ 
ho^ much foever compounded it be, may Jbe 
accurately found 5 yet, the Fluents of cb\a- 

;p6und Fluxiohal exprieftibhs dWtidt aiwaya 
be had in finite terms, 

' 117, Though ho Fluent fcan have mdte 
than One Fluxion j yet, a Fliixion may haVe 
an Infinite nutnbcr of Fluents* Thus^* for 
Example, the Fluent of x may be either x or 

x^ai wherein, a feprefents any inyanaSle 
quantity ivhatTdeveh— Now, to find tf, whfia 
it muft be added to or taken from the Flu- 
ent x^ is called corhiling the Fluetit: And 
to efFeft this ; in 9ny Equation, after having 
obf ainfed the Fluent of elch iide by thefore- 
going Rules; make the Variable letter in 
either of them vatiifh, or eqtat fo tt6tHhg ^ 
and fubiftitiite for the variable letter in the 
Other, inch a determinate or invariable vk- 
*lue as it is then known to have :, qr^ for the 
variable quantitiesy 'write fuch invariable or 
fixed"yalues as they are reQ)c6lively knti^ 
to have *at any particular point or term. 
Then, if we fubtraft the fides of this new 
Equation from the correfpondirtg Fluents 
before, found J the reiriaining Fluents will 



J 
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be, "Contemporary;, or always equal to each' 
other } and eonfequchtly, we fhal! then have 
the corred Fluent fought determined.- — ' 
This affeir may, perhaps, be better unider^ • 
flood by giving the foUowing Examples. 

To find the CftETQ^ Flu^fe of ^=2Jwe. 
. T%e Fluentof tbip equation, by arK 1 14. 

i«X^*r'===^o^' vJ?enjt=o> if *=Oi then,; 
jj— ei=i;c* — o, bt Jf=^ : therefore, the 
Fluent firibioui^i Bfifid^a^. f:QfJ^iQnr 

-:. Example 2. 

To. %»d ^ 9pj^<5^r Fluent of a^^zxx, 

■ - The Ftoat of tl)if ^uatioji, by ^rt. 1 14. 

Is ax * * ==y * ♦ Now, when^ ends, or when 

y=zOy if*:be=tf> then, fubfldtutingp for jr, 
and a for jf, the. ftuential equation will be- 
come tf»— fl*=Oi th^t is Q=o : therefore, 
the Fluent firft found needs nq correction. 

<.••■»■ ^ V • ■ 

I 

Example -%» 
To find the Coijrea. Fluent of zz=:ay. 

■ The Fluent of this equation, by arf. i i o. 
Is sks^ay. Now, i^yh&==ii whm 2,is == oj 

X ^ then. 






n 
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then, by writing in this flaential equaticm q 
for z and b for jft, it will become o==ai \ 
therefore, ay is always ah greater than z y 
and qanfequeiitly, the Fluent correded is z^ 
snay-^alfy 

Exampk 4. 
To find the Corre€i Fluent of / == -^ 

The Fluent of this equation, by art. 1 14; 

■—2;? . ;. ' . a^x\*- 

Now, if jrzso when xssso ; then, this ftu- 

ential equation will become os=-L : and 
therefore, y is always lefs than ^ . by the 



quantity — : confcquently, the eontempo- 
rary Fluents will be >•= 



Example e, 
Tp find the Corred Fluent of » ass 

a * -t-**\» 
The Fluxion of the Hyp. Jx)g. of x-^ 
tf»-j-xM^is = — 2 — J. (tfr/. 21. or ii|,) 

there- 



Doctrine of Fi-uxioNf. icy 
therefore, the Fluent of z^x ^ 13 

» 

??s=:ix Hyp. Log. of Af+^*+x*l*. Now,^ 
when 2;=p, if a: be likewifc =o, this Flu- 
ent will then become o=:3xHyp. Log. of n; 
which fubtra6):ed from the faid Fluent, 
makes the Correft Fluent, or true value of 

2;=;:^x Hyp. Log. of x-f-^*-4-x*]*--.^xHyp, 
Log. of a (which, by the Nature of Loga<* 

rithn^s, is) =:^x Hyp. Log. of -I- — IL — K% 

ExampU 6. 
To find the Correct Fluent of ak — ixxzssyy. 

The Fluent of this equation (art. 1 14.) is 
ax — i^x* ssfiy * . Now, if x^szc when>==^2 
then, fubftituting c fqr x and d for^, the 
^uation will be ac—^ic^sszlJ^ j and 
therefore, by fubtrafting the cprrefponding; 
fides of this equation from the . above, we 
ihall have the Correct or Contjemporary^ 
fluent tfx— .^^Af*— tfr-{-^^f *=:|^* — i^*. 



€HAP. 
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I 

CHAP, III. 

Of Jiniifig, tkf.. Length of a Curve Line, 

p- '. n^ 5^ Ciinw* referred to an Ax)s» (^ 



58. "SmSi^ tp the qrdip4t« CB, ^B» equals 
«l4 pftwU^ ^o^ Cf tbe IncHwwnt of tl>e ah-^ 
fcif^AC: And in Curv^e referred to a fixed 
or ce^tfal Poiot, (fig. ,58.) Jet ^C be fnp- 
ik>fed irideftniteiy near to BC, and the inde- 
finMj little-: <ar£ular arch Ba be dercribcd 
wilh the ordinate or radius CB. ^ Put AC 
if$' 57') =*» CB==y, curve AB^Zi B» 
=rx', nb:=ify and' B&s=:2s' : then, (the In- 
ccement 6^ lieiiig coofti^eied a^ a fitti»:tlglir 

liili9>) by 47 E. I . BA9=i9»*+«**l^. t^gfr is, 

the ordinate €B (/j?, 5^) ;=r, curve CFB 
-==«. B»:s=j<*."«#=s:yi «id Bfcsrz': tbcji, 

■ ■"■■•''J ^^ :» # • • ^ • 

(beeai^ B^ may be oenfidered ^ an ind^ 
nitelyfmall right line, and B« as a Mttle 
light line perpraidic^Iar to C^,) as before, 

a'=^x**4-/*^^ ot z&x^-\-y*f ' And this 
is a General Expreflion for the Fluxion oF 
the Length of any Curve Line wh^tfoever ♦, 

Novy, 

^ • The feme cxpr^ffion may be derived, vfi*out ^c hdp of 
Jucrment}, frem ar/. 24 and 38. 
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Now, by help of the Equation ojr Proper- 
ties of the givtn Curve whofe iJength js^ro- 
quired, we may find the value of ;c* in terms 
ofj^S or of j^* in terms of ;c* ; and thefi, 
by fubftitutiorr, i* or jf* in this General Ex- 
j>reflion wHl be exterminated i and by find- 
ing the Fluent of the xeifulting equation, we 
fhall have the value of z^ or the Length 
the Curve required. 



. E X A M P L E L 

1 1^. To find the Length of the Curve AB j?^v 
s=2J, whofe Equation (putting the given ^y. 
line AGcsfij^GCa^^ and CBs^jr,) is 

\ — s^ 



TheFluximiof this equation is 3 x i*4-x*j 



If 



2XX 



X2*x=:3^*i;therfcfore,7=— j.X3Xtf*+x*f 
- 3^ . 



ft«>'t 



^J^ X ^H^*. and i*=lliLtf«4-*r' 



'^ >.*«» ^ « U- ii ■?»■?;' 



^ 4ir£a:ftfrj which fabftituted 
for ^», makes » =: jF^^^^ (tfr/. 1 18.) = 



~€:£±£^=thc 

Flijixion of the Curve AB ; whofe Fluent is 



i6b '^ iNTitoDucTtoN to the 

jKj_5f!f±i£la±:*+£lla= the Length of thd 
a* 3tf* ° _ 

Curve AB required. 

E X A M P X E II. 

126. To find the Length of the cdiiimoil 

Cycloid*, 

iPut OA or OlF" the radius of the generate 

'^* ing circle =«, abfdfs AC=x, ordinate CB 

°°* — sy, CG=iSi and arch ABi=z j then, (as 

Was found in aft. 2S') ^~ ^^~^ y^ arid 

therefore y* = ^^r^ ^* ; which fiibfti- 

;tuted for j^, makes the general expreflion 
for the Fluxion of the Curve {art. nS.) 



2=5^H^* 



X* -4 L-jf* 

J* 



caufe by 35 E. 3. GC*=ACxCF, or i 



2tf;C— A?*,) Zi 



Va^t 



4tf'.v 



'2^ja;^ 



1 



2ax-^x 



ft 

z 




2^ * X x-T ;j& s and the Fluent of this is 



^■=±= 



• Sec the generation of this Curve, art. 35, ncte. 



f)ocTRiNE ^Fluxions, i6i 

Sr±=2^^X2A:T=:2X2^x*==: twice the chord 
AG ; (for, the triangles FAG and GAC be- 
ing fimilar, FA : AG :: GA : AC, or FAxAC)^ 

i=AG, that is, 2^*= AG.) Whence, by 
writing 2a for x, the Length of the Semicy- 
cloid AD appears -to be equal to twice the 
diameter AF of it's generating Semicircle. 

Ex A M P L fe III. 

121. To find the Length of a Parabola. 

» * • • • 

Put the parameter =a, abfcifs AC=Ar, p- 
ordinate CB=y, and curve AEi=±:;2;; then ^f* 

(art^ 28O xr=^, and theiefore x^zrz^^^ ; 
^ ' a a* 

— I 
which fubftituted for x-*, makes z==zp^\-y\'^ 

(the general expreffion for thfe Fluxion of the 

='^ x^*-|-4y*)* /which, thrown into an In* 
a 

finite Series^ (^r/^iooO is2=^x!^-{ — jL — ^ 

a a 

^J^^L tic, that is, i==r+^-!^ 



-t^L?— eff . And the Fluent of this Series 

y 'is 



^ 
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\, z=.y^%^^Ji.^^ -^c, « the 

3^* s^* 7'»' 
Length 6i the Curve AB required. 

Or^ The above 22= ^ x 7*4-^*1* is *=a 

a ' 

1 14.) the Fluent of thg firft of thefe twQ 
terms is =: — ><^*;^*+4y*\^==— ><7^*+y*\^l 

and the Fluent of the laft of the faid two 
terms {art. 115.) is =i=i^/zx Hyp. Log, of 

y 4- ^tf*+^*l*5 therefore, ^2;=;= 2^ x ^^Hhj^^ 



+ ^ ^7 X Hyp. Log. ofy^ia'^x^Y^. . Rut, 
fmcc when z and jy vanifti or become =0, 
(as at the vertex A,) this Fluent becomes=- 
■^ax Hyp. Log. of i ^ j therefore the faid 
Fluent being Correfled (art. 117.. Ex. 5.) 
makes the /r^^ value of z or the Length of 

the Curve AB =i x |^S^^4-i<?x Hyp.. 

Log. 
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L6g. o%-|.ifl*-f^' -- 1 tf X Hyp. Log. of 
a 



ia==l x|«*+>*]^ + i tf X Hyp. Log. of 



;^+4<^*+y'r^ ly tjj^ Natsre of Loga- 
rithms. 

Example IV* 

j2i. To find the Length of any Arch of 

a Circle. 

Put the radius EA=;/ar, a*bfci6 AC=^, _,. 

ordinate QBs=y, ^£h ABxsz : then, (art. !^' 

vv ^62. 

527.) xtia-—^ = (becauie a — x = CE == 

EB'-BCM*=^^=5;^i^,) , ^J^. ; there- 
fore :^=iJ!2lT r which fuhm^uted for x\ 

a* — y* '. * 

makes i==JF45*l^ (*^'c general expreflion 
fi>r the Fluxion of the Leng^ of the Curve, 



art, 118.)= v^, +¥ 






ay 

^ r=<7jpx 



<»*— ;y*l~^ i which thrown into an Infinite 
Series {arU loi.) is zzrs^j/x : -i -f Z!. -|- 



3)'* 
Y 2 • 8P" 
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8a» ' 16/1^ i28tf»~256tf" ' io24tf'» ^^ 
2048^'*^ ' •^^2tf*^8<i*^i6tf*^ 

i28tf»T256tf'» ' 1024^'* ' 2048tf'* ' 
And the Fluent of this Series {art. 114.) is 

63 y" I 23 ij^" •. '43 y'* ..(^^, __ 

aSib^jr'" i33i2'tf'* io24o<»'* *, 

the Lengt^i of the Arch AB, 

Now, if we fuppofe the radius EA = a 
= 1, and the 4.AEB=:3o^. then, (becaufe 
the fine of any arch is. equal to half the 
chord of twice that arch, and the chord of 
60^. is cqu^l to the radius,) the fine, or or^ 
dinate CB==y, will be =1: ; and therefore, 
the terms of the above Fluent being reduced 
into Decimal Fradtions, and placed under 
one another, will iland thus ; viz. 



#500000000 



I 
I 
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.500000000 S?f. 

,020833333 

,002343750 

,00034877a 

,000059339 

.060010923 
.000002118 

.000000426 



Thefumi o <«. 5 the Length of 

of whichisj 5^359»7 ^^— ^thcArch AB: 

which X by , 12 

{thePeripheryof 
a Circle whofe 
Radius is i; 

{thePeripheryof 
a Circle whofe 
Diameter is u 

Example V. 

123. To find the Length of any Arch of 

ArcUm^des's Spiral^. 

Put CA the radius of the generating p^v 
circle =^, and ARA the circumference of 63. 
it =^ 5 alfo, put the ordinate CB=5=y, the 
length of the required arch CPB=2;, and a 

cir*. 

* See how this Curve is generated, aru 39. noti* 



t66 Aft Ii!nrRx3D0cT3rdN ti the 
circular arch vfhofe radius is th? ordinate 
C6s=x. Then, (sts was found in art. 39.) 



^=^, and therefore it* ^ jY ♦ which 

iubftituted for ^*, make^ the general ex- 
preilion for the Fluxion of the Curve, viz. 

' — ^^~. ~\i 

2=jh7)* {art. ii8.) ^^ini^^^ * 



pui^y^-\-B* 









. . ' - - - 1 I' 

^fH^^^yy -f l-x r ... 'y . .. Now, the 



a 



5^*+F]» 



Fluent of thei firft of thefe two terms is 
found by ^r/. 1 14. a=:-i. X/»*j'*+^^*]*i and 

the Fluent of the laflr^s found by art. 1 15, 
- X' fi^pXcg: df<jy+tf*>*-i-^*j» ; thereir 






^^"^5^ xJ^H^*^— X Hyp.Log, 

^ <!)H"<PT2*)* : but, when 2 and jf are. 

=0, 



)y as at the point C, this equation be-^ 
comes o=± — x Hyp. Log. of ^* j and therc- 
fore, the Fluent Corrected, {art.i 17.) makes 
the true value of jk==: -A_ xtf *j^^ +^*y*V + 



*Lx Hyp. Log. of ajr\-aY +^*]* — -^3* 

Hyp. Log. of ^*=-= (by the Nature of Lo« - 
garithms ; the Difference of the Logarithms 
of any two Numbers being equal to the Lo- 

garithm of their Quotient i)^xaY'^^Yf 

+!l X Hyp. Log. of^J±iX±Ei^ the 

Length of the Arch CPB required* And 
therefore, by fubftituting the radius 6 fat. 
the ordinate ;r, we (j(^ havQ the Le]i$;tK o£ 

the whole Spiral CPB A == |x?T^ * +— - 



TT T r^+^M-^* 
riyp> Log« 01 ■ it. / , Jl ■ • 



CHAP- 
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CHAP. IV. 

Of finding the j^reas of Curvilineal Spaces, 

Fig. 1 24. In Ctrryes whpfe ordinates are re- 

64. fbrrcd to an Axis (fig. 64.) let be be conceiv- 

65. ed indefinitely near and parallel tp the per-^ 
pendiculai^ ordinate BC, and 'Bn equal and 
parallel to C^ the Increment of the abfcifs 
AC : then» becaufe bn bears no aflignable 
ratio to BC, ^rmay be taken as equal to BC 
or nc I and the trapezium BC cb as equal to 
the parallelogram BCcn : but, HCcb is the 
Moment x)r Increment of the curvilineal fpace 
ABC, that is, (if we put AC=;f , CB=^, 
and Cc=:x'y) the Moment or Increment of 
the Space ABC is =: yx' ; and therefore, 

{art. 7.) the Fluxion of it is = yx. In 

fike manner, in Spirals, or thofe Curves 
whofe ordinates are referred to a fixed or; 
central Point (fig. 65O let ^C be conceived 
indefinitely near to the ordinate BC, and 
the little circular arch ^ Bn (whofe radius i§ 
CB,) be fuppofed a little right line perpen- 
dicular to be : then, bn having lefs than any 
aiiignable ratio to «C, BC» may be confi- 
dered as equal to BC^ the Moment or In- 
crement of the curvilineal Space BPCB; 
that is, (if we put CB=;^, andB;^=x',) the 

Moment 
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Moment or Increment of the Space CPfiC 
id =sziyx'^ or it's Fluxion r±7 yi. 

Oty Let the dirviimeal rpace AEI atid 
ptralleJograAi AG Olg^(>4..) be generated by 
the perpMditalar and indefinite right line 
AP moving with a paraltel motion from A 
idong iht axis AE ; theh, it is evidi^nt, the 
turvilineal ipace will iticrfeafe flower, or flow 
with a kh degree of velocity, than the pa* 
r^dogram) before the faid geherating Ims 
ftirives at the term C6$ iuid afterwards 
fafteti <dr with a greater degree of velocity : 
therefott) at the ikid term, they will flow 
with one and tiie fame degree of velocky 1 
that is, at the terte CB» the Fluxions of the 
cundlimsd fpace and parallelogram will be 
equal : But, it is plain^ the Fluxion of the 
paratidogram, at the term CB^ is equal to 
DA or BC drawn into the Fluxion of AC ; 
therefore, the Fluxion of the curvilineai 
fpace AGB is (tqual to the ordinate CB 
drawn into the Fluxion of the abfciis AC 3 
that iii (putting ACssJ^r, and CBs==yi) the 
Flunon of the curvilineai Space ACB is =3 
ja.-— In J^. 65. let the curvilineai fpace 
CPIC b* ge&ierated by the variable right line 
CF turning round the center C 1 and^ at the 
ikme time, let the fcdor CDGC be defcribed 

Z by 
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\yj the radius CD ; then, it is plain, beforef 
the line CF comes to be in the fituadon CB^ 
the fpirafl fpace will increafe flower, or flow 
with a lefs degree of velocity, than the cir- 
cular %ace or fe6tor CDQ y and afterwards 
fafter, or with a greater degree of velocity : 
therefore, at the term CB, they will increafe 
or flow with an equal degree of velocity : 
But, it is evident, the velocity with whijch 
the. feftor enlarges, is equal to half it's ra- 
dius drawn into the velocity with which it's 
iarch is defcribed; therefore, the vdocity with 
which the cundlineal IpaceCPBC is increafed, 
at the term CB, is equal to ^ CB drawn into 
the velocity of the point D or B moving along 
the arch DG at the point B ; that is, the 
Fluxion of the faid curvilineal fpace is equal 
to f CB drawn into thi Fluxion of the cir- 
cular arch DB; or (putting tfi? ordinate 
CB=j^, and arch DB=Xj) the Fluxion, of 
the curvilineal Space CPBC is ssj^^x*; as 
before. 

125. Wherefore, when the Curve is re* 
f erred to an Axis, (fig. 64.) find the value 
of y in terms of Xy by help of the Equation 
of the given Curve, which multiply, by ^ ^ 
or, find the value of x in terms of j/, which 
multiply by y : Then, the Fluent of the re- 

fulling 
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fulting fluxional expreflion will exprefs the 
Area (or quadrature) of the curvilineal Space 

ABC required. And, when the Curve is 

referred to a fixed or central Point C, 6%. 65.) 
find the value of x in terms of y^ from the 
properties of the given curve j then multi- 
ply this value oixhy\yy and find the Fluent; 
and it will ^ve the Area of the Space re- 
quired* 

Example L 

iz6. To find the Area of the Space ABC A 5 pi^^ 
the Curve AB being a Parabola. . 66, 

Put the abfcifs hC=iXy ordinate CB==y, 
and the parameter =5 1 , Then, by the na- 

' tureofthe curve, *==y*, ovx^=zyi there- 
fore, yx (the Fluxi<^n of the Area, ^r/. 124.) 

=ix'^x \ the Fluent of which is ^* == (by 

fubftitutin^ j^ for xVit's value,) ^xy = the 

Area required, 

Oty The Fluxion of the above equation 
of the curve, viz. of x=iy^j is ;c=2)^5 
which, multiplied by j?, makes the Fluxion 
of the Area, viz.^;v (^r/. 124.) =z2y^yy the 
Fluent of which is f;^^ == (by writing x for 
»* it's valine, ^ -f^j^i asbefoie. 

25 2 Corol^ 
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The Area of ^ny P^raboKc Space ABC^. 
18 equal to two-third-parts of ^*s circum^r 
fciibing^ Parallelogram ADBC. 

Exam PL ]( IL 

< . • * 

Fig. 137* To find the Area of the Space ABCG^^ 
67. |:he propwty of the C^ivc AB being fuchj^ 
that it'« Subtangcnt CT is invariablet oe 
always of the fame value. ( See art. 80.) 

Put the given Subtangent CTss j, GA=:^; 
GC;=x, aud CBzszy. Then^ ((»t. ^5.) itss 

^ s therefore, x=s ^5 whicha, multiplied by 

y y . y 

^, makes the Fhixion of the Space vir. yx 
{art. 124.) =tf^ ; and the Fluent of tihis 
Fluxion is ^ijf : But> when the areft 9i the 
(pace is s:q, oc jr^s;:^, this expreflion for the 
Fluent becomes 5=;:^2^ j and therefore, (4r/. 
ii 7> JBx 3.) the Fluent corrected is ^^ — if^. 

^= V— ^Xi^is:? the Area of the Space ABCQ 

required, 

« 

£ X A M P {. E IIL 

pv 128. To find the Area of the Space CPBC5 

^ 2 / the Curve CPB A being the Spral of 4^- 
cbimedes ^. 

Put the circumference of the generat- 
ruck ARA^^, and ifs radius CA=^| 

alfo» 






»,■ -Y 



eqeration of this Curve, art. jq. Jtr^/^, 
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fHQ}^ put the ordinate CB==y. Now, (a$ 

was found in ari. 39.) x=:^*, which equa«r 

" / ...» 

tion multiplied by iy makes the Fluxion of 
the Space viz. iy^ {art. 124.) ^ ^ ;i ijr. 

=z^^i the Fluent of which is ^=5 the 

Area of the Space required* And therefore, 
jby Jnbditudng btac^ we have the Area of 
the whole f{ttraiSpaceQPBACspftf^; which, 
beca«fc the area of a drcle i^ equal to it's 
periphery drawn intx) half the radihis^ is ss^ ' 
of the Area of the gesaerating Circle^ 

Example IV. 
129. To find the Area of the. Space CPBC $ J%, 
the Curve CPB being the Logarithmic 68. 
Spiral K 

* 

Put the ordinate GB=;^ 5 the length of 
the curve CPB=ap ; a circular arch, Whofe 
radius is the ordihatcCB, srx; aiKl let two 
given quantities, a and b^ be to each other 
in theratio o£ ytoz. Then, (^ was found 

mtfr/.4o.) y==yx ~ ' -, which, multi- 
plied by ^y, makes ^^ (the general expreA 

/■ • fion 

* - ■ ' 1 . ■■■ ; > 

* See the generation of this Conre^ ianf«4«.. mtn 
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fion for the Fluxion of the Area, art. 1 24.) 



2a\ 



y^i the Fluent of which ia 



y» = the Area of the Space CPBC; 
^required. 

E X A M P L E_ V. - 

130. To find the Area of the Space CHBRCi 

^S^ ^Jie Curve being a Spiral generated by ^ 

9* point moving uniformly along the femi- 

^ * circle CDA, from C to A, while the faid 

femicircle makes oths, uniform revolution 

round the point C as a center *• 

Put the radius EC=:J, arch CRB=qpv, oTr 
. dinateCB=y, and ^ch DB^=x* Then {art^ 

41.) xz=z . ^^^ . } which, multiplied by 

4y, makes ^yx (viz. the f'luxio^ of the Area, 
tfr/. 124} for any fpace generated by the 
urch CRB is equ?d to th?it defcribed by th? 

oidinatc CB i) = ^f^ z= z==i==ri 
__-_^^^£^_^_j£^^ (becaufe. 



■ M BiW 



^77^' 



f ThisCurvc was invented Am^ 1756. 
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Urt. 41. v=i _^^?L_,) ^4^*;^*— y*p x 

J^^yy—2.y^y -^ zav *, the I^luent of which 
{art. 114. 2^.) is — 4a*y*'—y^*-\'2avz=zav 

^^x/^a^—y^f =zGC x CRB— CBx BG= 

four times the Area of the fegment CRBC= 
the Area required. And therefore, when the 
point B arrives at G, that is, when y = 2a, 
the Area of the whole fpiral Space CHBL ADC 
will be equal to four times the Area of the 
generating Semicircle. 
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Of finding the Convex Superficies of Solids. 

Let the folid AIV be conceived to be ge- Fig* 
nerated by an enlarging or variable circle ?'• 
(whofe increafing radius is the variable ordi- 
nate of the curve AI,) moving with a pa- 
rallel motion along the axis from A to E : 
then will the velocity with which it's convex 
fuperficies flows be equal to the periphery of 
the generating circle drawn into the velocity 
with which it moves along the cui-ve AI; 
that is, the Fluxion of the faid fuperficies, 

at 



iy6 An iN'iritoDuci^io^ to the 

^ any term HS, will be equal to the peri-^ 
phery of a circle, whofe radius is the ordi-* 
nate C6, drawn into the Fluxion ^ th6- 

curve at the point B. This follows from 

art. 124* by corifidering the convex ftiperfi- 
cies as always equal to the area of a curvili- 
neal figure whofe abicifs is equal to the curvcl 
AH, and the ordinate as equal to the cir- 
cumference of the generating circle BH 
whofe radius is CB. 

131. Hence, if we put the abfcifs AC=:x^ 
ordinate CBs==)f, curve AB=5?i and f=s 
6.28318 &c. = the circumference of a 
circle whofe radius is i (art. 122.) 5 then, 
becaufe cy = the circumference of a circle 
whofe radius is the ordinate CB, and {art^ 

118.) ^=?HkPl^5 the General Expreffion 
for the Fluxion of the Convex Superficies of 

any Solid ABH will be sssuy^ or ryxi*+jf^*]* ^ 
out of which, by help of the Bquation of 
the given Curve AB, ^* or j^*, &c. may be 
exterminated ; and then, the Fluent of the 
refulting expreffion will ^ve the Convex 
Superficies required: As in the following 
Examples. 



Ex. 
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« 

Example I. 
^32. To find the Superficies of a Sphere ^ or 
the Convex Superficies of any Segment 
of it. 

Put the radius EA or EB=j, KC=zXppig^ 
CB==y, and AB=zz. Let Bn=iCc exprefs 72. 
the nafcent or very firft Moment of AC, nb 
oi CB, and Bb of AB ; that is, let Bn=ix'^ 
nbz=zy'y andB^=:2;^5 then, B^ being confi- 
dered as a little right line coinciding with a 
tangent to the point B, the triangles ECB 
and ^»B will be alike : (for, 2lCB«=2iEB^ 
i== a right angle j therefore, /iEB« being 
common, Z-CBE=ii.«B^5 and, the angles 
at C and n being right, the angles CEB and 
Bbn muft be likewife equal j ergo^ &c.) 
Wherefore, by 4 E. 6. EB : BC :: bB : Bn, 

that iz^aiy :: z' : ^^5 v zf=i-^^ or, {art.y,) 

y 

z=: — J which, fubftituted for z, makes the 

y 

general expreffion for the Fluxion of the 
Convex Superficies viz. cyz {art. 131.) =5 

<yx-^s=w^ ; the Fluent of which is cax=^ 

y 

the Convex Superficies of the Segment ABH: 
And therefore^ if for x be fubftituted 2a, we 

A a ihall 
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fhallhave 2m*= the Superficies of the whole 
Sphere, 

Corollaries. 

1. The Convex Superficies of any Seg-» 
ment of a Sphere is equal to the periphery 

. of a great circle of that Sphere multiplied 
into the altitude of the Segment. 

2. The whole Surface or Superficicsi of 
any Sphere is equal to the periphery of if s 
greatefl circle multiplied into it's diameter^ 
or,^ equal to the Convex Supprficie§ of it^s 
circumfcri|>ing Cylinder. 

». 

E X A M P L fi 11. 

Fig. 133. To find t^c Convex Superficies of th^ 
73. l^gbt Cone Aiy, whofe Altjtudc AE i? 

given ;?= a and bafc-diaxnctsr |Y=4. 

Put ACr5=*, and CB==y. Now, the tri- 
angles AEI and ACB being alike, by 4 p. 6. 
Afe:EI:: AC : CBj tloAt is, a -. \ b -.x x -. y -, 

\'x=-—i theFluxion of which equation is 



*.,* 



i::^^; V;v*=ll^j which, fubftituted 

for ;c*, makes the general expreflion for the 

Fluxion of the Convex Superficies viz. 

cy 



' '-JT) 
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i^X^f'+i*!* (<zr/. 131.) sEfyx^ 

4 X 4tf*4-*M*J2)' i the Fluent of which is 
b 

4x4?+^1y*=^xtfMl^*= (becaufe 

by 47 E. I. AI==:AE*4-EI»]»==tf*-f^5»]»;> 
^xAI== the Convex Superficies of the Seg- 
ment ABH : And by writing |^ for y we 
have ^c^xIA;;;; the Conve3(; Superficies of the 
. Cone AIV, 

Cirolldry; 

The Convex Superficies of any Right Cone 
is e^ual to half the circumference of if s b^fc 
multiplied into it's flant height 

Example III* 

134, To find the Convex Superficies of .the ph. 
parabolic Cwoid A^H, 7^. 

Put the parameter of the parabola =^, 
ACzb^, anrf CB5==:> : f heii> by the nafure 
of the tiirve, aixizsty^i the Fluxion of which 

fquatiQU is<?;v=i:2jjyj therefore, ^c-ss-:^, and 

A^ 9 ^*=! 



|8o jin Int^iopuction to tB^ 



»«•» 



;c*=lLL- wkich, fubftituted for :c% makes 
a* ' 

the general cxpFeflion for the Fluxion of the 
Convex Superficies viz. cyx^^^-^jf^Y {arf^ 

— — ■ V t^ 

131.) z=iyx^+r ==~X4y*+tf*V;y5 
the Fluent of which (^zr^. 114.) is — x 

4y*+^*l* • But, at the vertex A, where y 
vaniflies or y=iOj this fluential expreffion 

becomes = — -xJn*= — ; therefore, the 
Fluent correfted lari, 1 17.) is = — x 

t . 

4)F+^* -—•—=== the Convex Superficies of 
the Solid ABH required. 






CHAP. VI. 

# ' ■ . . , 

0/ finding^ the Contents of Solids. 

* 

^ig^ 135. Let ^^ be conceived indefinitely 

y^. near and parallel to the variable ordinate 

BC 5 and Bn equal and parallel to C^ the 

increment of the variable abfcifs AC. Now, 

be. 
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|>ecaufe the little parallelpgram BCc« is ex-s 
preflive of the Increment or Moment of th?i 
plane figure ABC, {art. x24.) therefpre, if 
the folid AlV be conceived to be generate4 
by the revolutiqn of the curvilincal figure 
AEI round the axis AE, the indefinitely 
little cylinder generated by the faicj little pa- 
rallelogram will e^prefs the Moment or In^ 
crement of the fol;d at the term BH s and^ 
becaufe this Moment or Increment is equal 
to the area of the circle defcribed by the. or-, 
dinate CB drawn into the Increment of the 
abfcifs AC, therefore, (art.y.) the Fluxion 
pf the Solid, at the term BH, is equal to 
the area of a circle, whofe radius is the ordi- 
nate CB, drawn into the Fluxion of the ab- 
fcifs AC. 

Or, Let the cylinder LG be generated by 
the parallel motion of the circle LD along 
the line LN ; and, at the fame timg , the fo^ 
lid AIV by that of the concentric and va- 
riable circle ZF, which, at the vertex A, is 
fuppofed indefinitely fmall, and continually 
enlarges as it moves along the curve AL 
Then, it is plain, the folid AIV will increafe 
ilower, or flow with a lefs degree of velo- 
city, than the cylinder LG, before the ge- 
nerating circles arrive at the term HB 5 and 

after- 
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afterwards fafter, or with a gjreater degree 
of velocity,: therefore, at the faid term, 
(^herei the vko generating circles become 
equal, or their peripheries coincide with each 
other,) thiy will iiicreafc, 6rflow, with the 
fame or shi equal degrc6 of velocity. Bqt, 
it is evident, the velofcity With which the cy- 
lirider flows is equal to the aii'ea of it*s gene- 
fating circle dra^n into the velocity with 
whic'K it mqv^s along the line LN ^ that is, 
the Flu}d6ri of the cylinder, dt the tenri HB, 
IS equal to the area of ^ circle, whofd fadmS 
SCB, drawn iiitp the Fhixion of the line 
LH or AC : ThereForc, the Fluxion of the 
Solid AIV, at flie term BH. is eqiial td 
thif area of a circle, wKofc radius is the or- 
dinate CB, drawn into the Flvixion of thei 
abfcifs AC 5 as before. 

136. Hence, if vire put the abfcifg AC=;r, 

ordinate CB===y, and f =^=3. 1 4159 &c. == the 

f^idrcumference of a circle whofe radius 

IS I {art. 122.); then, the General Expref- 

fion for the Fluxion of the Solid Content 

i^ill be =icy^x: out of which, by help oi 

fhe Equation of the given Curve; x qr y^' 

may be^ exterminated ; and th6ri, by finding 

the Fluent of the refiiltin^ flilixionah expref- 

fiori, we ftiall haye the Cpntent of ^^ Solid 

ABH required. 

Ex- 




EXAMI^LE I. 

137* To, find the Content of a Sphere^ or of 

an^ Sfgmfnt qf it. 

Put AC==2X, CBs=:y, and the diameter F/^j* 
AD=sttf J then, by 35 E. 3. ACxCD=BCx 76. 
CH, that is, ax — x*i=^y^ ; ther-efore, by 
writing ax — x* for j!*, thp geiieral expref- 
fipn for the Fluxjon qf the SoUd Content 

viz. .^*;p {arf. 1 36.) becomes sis: cxxax-—^^ 



\caxx — cx^x I the Fluent of which is 



cax*^ 



^cjc^^^c^^^-m^ ^ the Content of the 

3 6 

Segment ABH: Aj^d therefore, if^bpTijbj 

ftitutcd for AT, we (hall have 3^^^— 2^f^ _ 

6 

^ca* =2 the Content of the whole Sphere 
ABDH. ^ 

fiqice, beca^ff; four times the area of ^ 
great circle of the fpher^ is = r^?, and th<5 
content of a cylinder circumfcribing the 
iphere is rr^w, we have the following 

Corollary. 

The Content of any Sphere is equal to 
four times the area of it's greateft circle 
multiplied into ith part of it's axis, or, 

equal 
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equal to twopthird-parts of it's cirCumfcrilK 
ing cylinder. 

E X A M P L fe It. 

138^ To fiiid the Content of the Farabolid 
^^S^ Conoid ABH, generated by the parabolic 
7^* Ipace ABC revolving round the axis AC. 

Put the parameter =4, AC=x, andCB 
t=y; then, by the nature of the curve, ax 
==y*. Now, by fubftituting i7Arfor^*, we 
have the general expreffion for the Fluxion 
of the Solid Content viz. cy'^x {art. 1^6.) = 
caxx ; the Fluent of which is {cax*z=i (by 
writing y* for ax,) {cxy^^ = the Content of 
the Parabolic Conoid ABH required. 

Or^ The Fluxion of the equation of the 
curve, viz. of axz^y^y nax=:2yyi there- 

fore x±=-^5 which, fubflituted for x. makes 
a 

the general expreffion for the Fluxion of the 

Solid Content viz. cy^x {art. 136.) szrry^K 

m:=:^ J the Fluent of which is 'Jl « 
a a I 2a ' 

(by writing ax for ^*,) {cxy* = the Solid 

Content; as before. 



CoroU 
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Corollary. 

The Content of any Parabolic Conoid is 
«qual to half of it's circumfcribing Cylinder. 

EXAMPLE III. 

139. To find the Content of any Cone AIV Fig. 

whofe bafe is a circle. 77* 

Put the given altitude AE=/j, and dia- 
taeter VI=^. Let HB be parallel to VI ; 
and put AC=x, and ^=.78539 &c.^= the 
area of a circle whofe dialneter is i . Now, 
the triangles AVI and AHB being fimilar, 
by 4 E. 6. AE c VI :: AC : HB, that is, ^ : 

i :: X : - ==HB 5 therefore, by 2 E. 12. the 
a 

area of the circle HB is =-f xr=i-fl. 

which {art. 135.) drawn into x is — l-ifz=s 

the Fluxion of the Content of the Cone at 
the term CB j the Fluent of which is 

== the Content of the Cone AHB : And, 
therefore, by fubftituting a for x, we have 

^l!£= \cl>*a = thp Content of the Cone 
3tf» 

AVI required, 

B b Or, 
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Or. Put the altitude AE:=tf, the area ot 
the bafe VI±±^, artd A€=i^ : then, (be- 
caufe finilar plane Figures are as the fi|uare^ 
of thdr homologous ficfe^,) we ihall havit 

tf* : i5 :: x* : =: the area of the feftion 

HB 5 which (/^/. 135,) drawn into x is 



a"- 



ss= the Fluxion of the Cone AHB j thcFlu-^ 
cnt of which exprefSon gives the Content of 

the faid Cotje =2 ^x — : And therefore, bt 

wrttirig a for at, we have the Content of the 
whole Cone Ayi== |^^. Hence, becaufe b 
may here ftand for the area of the bale of 
any Pyramid whatever, We have the {(A* 
lowing 

Corollary. 

The Solid Content of any Cone, qr Pyra^ 
mid, is equal to the area of it's bafe muki- 
plied into one-third-part of it's perpendicu- 
lar altitude ; that is, it is equal to one-third-^ 
part of a Cylinder, or Prifm, of the fame 
altitude and bafe. 






Ek- 
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£ X A M P L E I V. 

140. To fihd theContent df the Solid ABH, F'^'g- 
generated by the CifoiMB^SiCc ABC re- 7^* 
volving f»and the axis AE ^, 



Put the axis AEt=tf, abfcifs AC=jir, and 
ordinate CB=j' ; then, (as was found in 
tfr/. 34.)*»=tfy*— «y*} and therefore, jf»= 

JL. J which, fubftituted for y*, makes the 
a — X 

general expreflion ^r the Fluxion of the 
Solid Content viz. cy'^ (hrt. 136.) = i^ 



—cx*x—cax^ — ca*x—(a^^^^', the Flu- 



ent of which, (becaufe art, 21. the Fluxion 
of the Hyp. Log. of <?-^y is III.,) Js = — 

£l!— .fffl — fa'x^ca^ ^ Hyp. Log. of <?— *. 

But, when *=o, (as at A,) this Fluent be- 
comes = — ca^ X Hyp. Log. of a: there- 
fore, the Fluent corre^4 {art. iiy.) is = 



^ See how a Cifoid is generated, art. 34. note, 

Bb 2 
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— ca X — ca^ X Hyp* Log. of 



a^x^ca^ X Hyp. Log. of tf = (becaufe the 
Difference of the Logarithnjs of any two 
numbers is equal to the Logarithm of their 

Quotient,) —cxx^^ — ■ ^ ■ '^. ^ — . + ca\ x 

Hyp. Log. of — — =5 the Content of the 
Solid ABH require^. 

CoroBary, 

When *=s4tf, the Content of the Solid[ 
will be = ca*x : — i -|- Hyp. Log. of 2=i 
ca*xo.oi6^S &c. (See Par/ III. ^efi. g.\ 
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Miscellaneous Questions^ 

With their Incremental and Fbixumal 

Solutions, 

J. 

Jn an Ellip^ ABD, whofc Foci are thcp, , 
points F and K, if a right line Bt be ^g] 
drawn bifefting the angle FBK; then 
will the faid line be perpendicular to 
the tangent X^G. ^i^re the Demon- 
ftration? • 

Let the point i be fuppofed indefinitely 
near to B ^ and with the lines FB and K^, as 
r^dii) defcribe the arches Bm and in : then, 
if we confider the faid arches as little right 
lines perpendicular to F^ and KB re(pe£tive- 
ly, (becaufe the Sum of the lines FB and 
KB is always the feme invariable quantity, 
viz, = AD, and tliercfore the Increment m6 
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z=thc Decrement «B,) the right angled tri-j 
angles B;7o and bmo will be equal and fimi-- 
lar, as will therefore the right angled tri- 
angles B/^r and bnr ; and therefore, if B^ 
the Increment of liie curvt AB, be fuppofed 
to coinpide with the tangent BG, the angles; 
r^B and rB^ will be equal, that is; Z.FBT 
d5=z.*BG. Therefore, the right Kne B*, 
which bifcfts the iiFBK, makes the z.?BT 
-=^^fiG=]^|tight angle. Q;_E.Ii ^ 

^11. 

»• In an Hyperbola AB, whofe Fqcus is the 

80 point F, and tranf^erfe Diameter is D^ 

. ; -=KA— A^i' th^iig^t line ^B, whiehf bi- 

fefts tfre itlgk KHF, is a tangent to the- 

t:itrvc «t the' poitit B. ^S^re the PcRjon^ 

ftfatitm ? 

Suppofe the point b inde|initely ueay toBj^ 
and defcribe thp little arches B/9z and B/sr with 
ttre Vfl^i ' K6 and FB^ Now> becdufe the 
S^r«nce of the; 'haes KB'«id PB: 13 always 
the (Hmd invariable qd^tity, vi2. a±: £>A, 

therefore, if th^ wches Bw aftd B* fee con- 
^ered as tittle right lihes i^tfpfm&tttiAT tti^ 
K* arid F^ ^fpeaively, tod B^ (theliicre- 
nrtnt of the curve- AB) as ccnnclding with 

the 
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tke tangent J the Uttle ri^t gngkd trjapg]^ 
Bmb and B»i will be equ4 an4 Tii^Jac. 
Therefore, the right line tBi bifefting the 
angle KBF, is a tangent to the curve at the 
point B. Q. E. D. 

^-III. 
in a Parabola AB, whofe Focus is the p<?int p;^^ 
. Fi if a right line KB be drawn parallel to g i . 
the axis, and the angle KBF be bife^ed 
by the right line tB ; theti will this line 
be a tangetit to the curve at th<: point E. 
^are the Demonftratidn ? 

Let Ae inddinite right line LK be per<^ 
ppndictdar to LF, andLA==AF; draw B 
indefinitely neslr and parallel to KB, arid B** 
equal and parallel to K^ j and with FB, as 
a radius, defcribe the little arch B«. Now, 
becaufe the lines KB and FB are always 
equal to each other, the Increment «^ is = 
iht Increment hb ; arid therefore, (the inde- 
finitely fmall «r<:h; 6» being coniidered a^ ^ 
Httle right line perperidicular to-^b, arid the 
Increment of the curve^ Bb, as coiriciding 
with the tangent,) the little right angled 
triarigk& Bmb and Bfib are equal and fimilar. 
Confcquently, the right line /B, which bi- 

fcfts 
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fe6ts the angle KBF, is a tangent to tlife 
curve at the point B. Q^E. D. 

^are the Nature of the Curve APB?— r 

^^^ fuppofing FP or CE, the diftance of the 

^* parallel and indefinite right lines AC and 

PE, to be given j the right line AD t6 

pafs through the point P \ and CExCD 

=CB^* 

Put CE=tf, abfcifs AC==a:, ordinate CB 
j==y, and QD^^lz. Let cd be fuppofed inde- 
finitely near and parallel to CD ; and D/^> 
B», equal and parallel 'to Cr : and put nb 
=:y\ md=zz' ; and fuppofe TB a tangent to 
the curve at the point B. Now, by 4 E. 6. 

DC : CA :: dm : mD^ that is, 2? : at :: z' : — 

z 

:Dm or B»5 and in : »B v. BC : CT, that 



IS, y' : — ::y : JL^ =zz CT, or {art. 7,) -1- 
z zy' sy 

i=CT. But, by the queftion given, az±=iy^i 

the Fluxion of which equation is a^—zzyy. 



• 4r 



* To defcribc the Curve, or to find the Point B in the Kn* 
CD through which it muft pafs. — Produce CD. to G, making 
PG=rFP ; defcribe the femicircle GHC, and draw the per- 

rndicular ordinate DH ; lailly, make CB=DH: then will 
be the Point required? For, by 35 E. 3. GDxDC^DH^i 
that is, ECxCD=^CB\ 



\ . 
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v;^=:— 5 which, fubftituted for i, makes 
a 

the above value of the Subtangennt CT 

(viz.^)=^*= (becaufe2l= i,) 2x. 
^ vsy ax az ' 

Therefore, {art. 28.) the curve AB is a Fa^ 
rahohy whofe vertex is A, 

Corotlary. 

If F be the Focus ; then> by the nature 
of the Parabola, PF=2FA; and therefore 
DC=2CA=CT, that is, z=z2x. 

If TB be a Tangent to the given Curve AB j pig^ 
and another Curve AD be fo defcribed as 83* 
that it*s ordinate CD fhall always be in a 
^ven ratio to the cbrrefponding Segment 
^f the fdrmer Oirve : then, BT will be 
to TC as the cbrrefponding Segment of 
the Curve AB is to the Subtangcnt CV, 
l^are the Demonftration? 

PutCTteJ, TBir=f, CD==y, AB=:2:: and 
let cd be fiippofed indefinitely near and pa- 
rallel to CD ; and D/w, B;?, equal and paral- 
lel to Cc ; that is, let ntdz=zy'^ and Bi=a'. 
Now, BT : TC :: ^B : B;^, that is, tis :: 

Cc z' 
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that is, / :^ :: ^ : ^ =i Ct, or (/Jrl^. 7.) 

^ = CV. Let the given ratio of IJC td 

AB be as <i to ^, that Is, y '. }k :: i? : A vz 
=— J the Fluxion of tf^hich equation is «== 

^ } whith {bbMtated for i wakes the above 

^= CV=i:fe^ (which, by writing z for it's 

value — , is) = — j thfcrcfore, / : j :: z : CVi 
that is, BT : tC :: AB : CV* Q^E. D. 

vi. 

Fig. In the Curve ABD, whofe Equatioa (pttt- 
84. ting the abfcifs AC±sAr» ordinate CB^i 
and the bafe AD*s=j,) is aX'^x^±ctay'\-y^i 
required the Radius of Curvafetf re for aiy 
point, and a geqmetrical Confl:ru6tion to 
illuftrate and <x>nfirm the Wik4c. 

The Fluxion of the given equation /of 
thc^ curve is ax — ixxisszay-Jf-tyy^^ which, 
making ;c= i, is ^ — • 2a; =• ^ -|- 2yy ; 

. and 
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* and the Fluxicm. of this equation again, the 

- Fluxion of y being confidered as negative, 

is— 2=— iJf^'+ay* — %yjf' Hence we have 

^ a-\-zy (^ -V^^T^ 

lgHj^tSj~8<f^-|-8^V (becaufc by 

the, equation of the rarve, 8i?jr-^8y*=8^;^ 
— 8;c% or 8/7y -j- 8jjp* -^ Stfx -f- 8^* = o,) 

^^t.— ^. Now, by fubftitutmg for >^* andjl 

thcle their valuesr, in the ^neral exprefliou 
for the Radius of Cui'vaturc, which was fovind 

in art. 74. to be == T-^ when ^= i aixi 

the Fluxion of y is negative, we (hall have 

'" : \ J .1 ^ 
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^^^* 



4^* 



(becaufe4<?y+4^^'^4^^^4^*=Q,^ 



X i±il:=Jfll:=:2!f=ll^.= the Ra- 

dius of Curvatni-e required i which being a 
^x«d m inTSri^He <|uaQt}ty prpves the curve 
ID be an Ardt of 9 Circle » 

C c 2 Now, 
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Now, if theHadius of a Circle hc'^^a ^ 
then, a is the fide of it's infcribed fquare, or 
the chord of 90.^. as is the right line AD : 
For, if the faid right line AD be bifeftid in 
F, and the perpendicular FE be drawn == 
AF=|tf 5 the point E will be the center of 
the circle ; and confequently, the radius will 

be AE (=EF*+FA*]^) 5=|tf^* = Tl"^^- 
And, that a:, in the ^ven equation, mufi 
flow in the faid chord AD, may be thus de<* 
monftrated : Draw the right line BC per- 
pendicular to AD, and let it be producedi 
until it meets the circle's periphery in G ; 
and let HI b9 dra\yn equal ^nd parallel to 
AD : then, it is evident, that, Ck==:AH 
=AD, by cqnftruftioni and KG;7=CB, be- 
caufe AC=Hk, and AB=HG 5 therefore, 
CG=;^AD+CB : But, by 35 E. 3. ACxCD 
=BCxCG, that is, ( puttin g AD=a, AC 
=;p, and CB==y,) x x tf— x= y x ^ +^, 91: 
ax—x*z=:?ay-\-y. Therefore, &c. 

Scholium. 
From the Conftruftion here given, it ap- 
pears, that, the Queftion may be diverfified 
fo as to be adapted to any regular Polygon, 
that can be infcribed in a Circle, We lee 

here 



i 
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^ere alfb, a demonftration of the juftnefs of 
Xhtfuxional Calculus as made ufe of above, 

YH. 

^Vipppfe the Earth to revolve in a circular 
orbit round the Sun as it's center; and 
the Moon to revolve round the Earth in 
the fame manner ; as alfb, that the planes 
of their orbits dp coincide]; and that thq 
.diameters of t)^e faid orbits are as 340 tq 
I } and l^ftly, that the Moon performs 
13.368 revolutions to every fingle revo-: 
Iption of the Earth* Stifare the Nature 
^d JQefcriptiop of the Cvirve generate4 
by the Center of the Moon j or, whether 
the Curve defcribed by the Center of the 
Moon, in one Lunation, bcany-where 
Convex towards the Sun ? 

Let S rcprefent the Sun y E, the Earth 5 Fig. 
£i, an arch of the orbit of the Earth palled 85. 
over by it's center in one lunation of the 
Moon; the circumference of the circle EAF 
?= the concentric arch A« : Then, (becaufc 
1 3.368 — 1 == 12.368= the number of luna- 
tions in a year or one revolution of the 
Earth, and therefore SA : EA :: 12.368 : i,) 
when the Moon is in conjunftion with the 
Sun, the diftancc between the Sun and Moon 

will 
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wiB be greater xhisn the diftancc or radius 
SA. Now, theCnrve dcfcribcd by the cen- 
ter of the Moor^ is the fame as that defcrib-r 
(cd by a point M (EM beiilg the fcmidiameT 
ter of the Moon^s orbit,) carried round by 
the rotation of the circle EAF on the arch 
A« : It is Aerefore of the Cychidal Kind, 
leaving a point of Inflexion, if e^oery^ Cycloid 
fiefcribed by a point within the generatingj 
drde is infie6ted as well upon a circular as 
upon a re^iUnear bafp {art. ^5.), To deter- 
mine whicli. 

Put SA or SRsKiZ, EA or ^R=^> EM o? 
emzipzc^ Rw[=ir, Kdz^zi 5 and let mC be the 
Radius of Curvature at any point w, wMch, 
it is evident, piuft pafg through the point of 
contaft R. Suppofe the point n indefinitely 
near to m ; Then, Rr and Rr being the in-r 
definitely imiSX contemporary arches with 
mBy tnd confequently the triangles R/0r an4 
]Ur equal in all reipe£ls ; if we confider the 
faid little arches Rr and Rr as littl<; righi 
finet perpco£culir to the ra& er and Sr» 
we fl»ll hive the i^mBLM:szjLrKrm (becaufti 
tins angles #Rr and SRjr added to didier fide 
of the equation make it two right angles,) 
g.'BierJ^A.^Sr. Now, SR : eR v. jL^r ; 

iiRSf, and SR : SR+Rtf :: iJLer i L9^^ 

ilRSr, 



iiRSr, that is, a : a-i^l :: L^er : z.»rl#=s= 
fji-iLR^r. Again, in any triangle, €» ^/^ir^ 

if the angles mdr^ mrd^ and R/»r tlie com- 
plement of the obtufe angle to two right 
ilagles, ht indefinitely ftraU, ^fy «^ 3)e 
^rOpODbcmal to tke qppofite ikies mr, m^ 
and dr *; thiat is, <3&- : ^ :: iiRwr : ijmii 
^isAdr'^ini\dr\\L^mr^^t^nird\LVM 
i^, iwR :i/R V. LMdr : zMnr^ w, r : * ;i 

^liRVrrziR^?^— Z:'R^. Andagainj a*Ck 
riL^^C :r^» :RC, that is, z.«^R»— A^Ur: 

- ^ , • » • 

Z!R»r :t R;» : RC, or,SE~I)i L R^r i - 

a ^r 

— L9^tr :: r t RC =--1 ^^- a.. Cbrife- 

qucntly, )yiR4-RC==3J»C=r, ^^""rh^j^-. 



^ ' - -^ ^^. 



* For, let tat trian^ be circiurtfenbed (a3itiy%; -Sd*) b]r 

litdc from their chords ^ and mr, whkhinlwFafoi'tmay bi ''l^^ 
taken as equal to them. Aiu]» fince by 20 £. 3. the an^le al 86« 

tlle^nte^of.ac^Fcteis.dQuhle of>4ket^glem4)iaperit&et)u 
the arches or chords rm a«d mi are the meafUres of double the , 
angles mdr ^nd /vr/reipedively ; or, the angles mi/r and mrd 
ore t0>each^other as their opp<)fite.£dea tJot^ikA mdiJssA te- 
cxufe by j'2 £. 1. the angle R^xrr is equal to the fum of the 
angles mdr and mrd\ therefore the meafure of it is the fum of 
iSie idSikt% ondHmb rnt'VcA-'mdi which ^differing -inilmtely 
little from the iide or chord rd^ mzy be confidered as equal to 
it. '£r/a, &c. 



'■ 
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as 



the Radius of turvaturc ai 



any point tn. 

Now, it is evident, that, at the point of 
Inflection, the Radius of Curvature mufl bd 
Infinite; or, that, on one fide of the iaid 
point, the expreflion for the radius of cur- 
vature mufi: be affirmative, and on the bther 
negative; therefore, r mud be more than 

on one fide of the faid pointy and on 



as 



the other lefs ; and confequentIy> at the point 



as 



of Inflexion, r=- — ; — y ; which, fubfti- 

2tf+2^ 

tuted for r, makes (rf/w>cwR=) rs — r* ==- 

"' ^ — = (becaufe dmxmlk=sfm)<ma 
za^zbX 

_:) b^ — ^i • from which equation we have 
r /H^^/^'-^' Or, to find r, fay 

2^r+23r=:tf/, or5==^f!Ijt- — • then, (dm 

a 

a 
nta=z) b* — c^ i which equation gives r 
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= i/^^'~^^\ vvhcii the point w be- 

icomcs a point oiF Inflexion. 

Now, as mK (r) muft, by the nature of 
the circle, always be greater than ma 5 that 

is, as 4/ - Vi / niuft always be more 
than b — c 5 and confequently, — T^ l ^ 

tabre than *— rp, that is, ^ ' . x ^— r be 

impre than ^— r x b — c 5 therefore, e muft 
always be more than — —-5 that is, EMmuft , 

be »i^3^e than a third proportional to ES and 
EA in order to have a point of Inflexion 
take place in the Curve: But, \n the prefent 
cafe, ES, EA, and EM, being as 13.368,1, 

and ^^'^ or •t>39 5 therefore, EM is lefs 

than the faid third proportional ; and con- 
fequently, the Curve M/»jtt, generated by the 
Center of the Moon, has not a point of In- 
flection, or, is m-^ixhere Convex towards the 
Sun. O. E. L 
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ao2 jln Intropuction to the 

Corollbries. 

1. When r=:j, that is, Wheft the pdint /» 
coincides with ^, or a is the generating J)®int> 
then, the Radius of Curvature' will be = 

ar-\-zbr - a-\-2e a.4-2b 

by analogy, ^4-2^ i « :: r : i^G, that is, ^F* 
; SA :: %k : RC. 

2. When tf is Infinite, and r=jj that 
is, when the hafe becomes a right line, and 
the point )» coincides with j, or the curve is 
the cdmmcfnGydoidj the>K«dias ^f Ctrfva- 

. turevfiilbe==2r. ^^iFor then, -^*.«nd iir 
will be infinitely little in comparifon of zar^ 
and ar, and •fliefefofe may be /feje^led. 
Fig, 3. Whefn a is Ihfiiiite, that is, when the 
07* bafe degenerates into ti right line, or the 
curve is the protrafled or interior Cycloid, 
as in Jg. 87. the Radius of Cu'rvature will 

become =--»- — 1^= ^5 and therefore, 

2ar — as 2r— -i 
at the point of Irifleflion, \Vhere<the radius 
of curvature is infinite^ 2r=j,^ -thatis, Rw=±: 
md', and confcqoacntly the right line R^/is per- 
pendicular to*thc radius ea, -and tfee point vj 
is in the bafe NM. Whence, to find the 
point of Inflexion, we have the following 

^' Con- 
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Gor^ftruiSlioiv, viz. Make f^R=:a^, or AR=: 
P^ \ draw R^ equal and parallel to the ra- 
dius PO; makd r^icizNg^ ; draw the right line 
ea^^ and, laftly,'makjj'^/wa=ON : Then will 
m be the poittt of Inflection in the interior 
Semicycloid ^^M. 

vin. 

The.j^/iwf/aflkpf.tjb^ Hyp|?rfeoUc Logarithm 
of any quantity, is equal tQ tfie Fluxion 
of that quantity, divided by the quantity 
itfelf. ^^rt theDemonftration ? (See 
art.2v,) ■ . . 

l^et Yi^I l?Cr^ Hyperbola, whofe afymp- jp/^^ 
totes are the perpendicular right lines EZ 88. 
and ET, and whofe parameter is AP=:EP 
s^ I ; draw any ordinate CB parallel to PA: 
then, (as Writers on Conies demonftrate,) 
the Space P ABC will be the Hyperbolic Lo- 
garithm- of th? line EC j and therefore, the 
Fluxicfn of the fpace PABC will be equal to 
the Fluxion of the Hypei;bolic Logarithm 
<^% the line EC. Now,' the Fluxion of this 
%ace, putting EC;:^x and CB==z^, is (by 
art. 124.) =iyx \ and, by the known proper- 
ty of the €urvp, EC: EP:: PA : CB, that 

is, X : 1 :: i : j?=-. : therefore yi^^-^i that 

X X 

D d 2 is. 
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is, the Fluxion of the fpacc PABC, or,, ojF 
the Hyperbolic Logarithm of the line EC, \% 
equal to the Fluxion of the faid line, divid- 
ed by the line itfeU. QJE, D. 

N. B. By 4 Space pr Lm^^ is meant it's Nupxeriw^ 
Meafure. 

IX. 

The Hyperbqlic Lojgarithm of i being o, 
what is the Hyperbolic Logarithm of lo? 
{Stt art. 21.) , 

Fig, Let EZ and ET be the ?ifymptbfes of the 
89. rectangular Hyperbola YAI, whofe parame- 
ter is AP=PE== I. Then, the area of the 
fpace PABC will be the Hyperbolic Loga- 

rithm of is. that is, of ECj the area of 
EP 

the fpace PA^t will be the Hyperbolic Loga- 
rithm of zL. th^t is, of — - j find, the are^ 
of the fpace cbBQ. will be the Hyperbolic 
Logarithm of ^-^ the right lines or ordi- 

nates CB and cb being fuppofed paral- 
lel to the afymptotc EZ. Now, to find 
thefe areas, 

1?. PutP<r=;tf, and<r^==y} then, by the 

known property of the curve, y^^-rr^^y 

which) 
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which, {art. 124.) drawn into ;?c, is y>;i=i 

m 

= the Fluxion of ¥B=z (by throwing 



i—x 



— ^ into a Series, art. 102.) ;c+Arx+A:*x 

4-^' ®?V+y* '•¥'+^^' therefore the Fluent of 
this feries, yi?. ;v-^|A:*+jX'-j--;iAr*4-f^*+ 

2^ PutPC=;v, an4CB==y; thcn,>=: 
Tjyy and {art. 124.) j^xs=--j--==theFiu^ 

xion of PB= (by throwing — -j— into a Se- 

lies, art. 103.) «^— Ar*-|-x*x— x'x-j-Jf*^— 
jc'i'-f'***' — x''x-^x'x — x^x-\-x^ "x—x* '^f-f- 
&c. therefore the Fluent of this feries, ^^iz. 

PB, 

If Pr=PC, the area c ^BC, idz. the fum 
pf P^ and PB, will he=2>$ : Ar-f-ijf»+f** 
-|-?*'+i*'-frr*"+ ^^- And P^— PB 
will be =x»4-iitf ♦ +fx* +f **-l-f-»' • -^-W* + 
^f. That is, if £^=.9, an^ cPi?=PC==. i • 

then. 



ge6r Ah^lP^T Kojyvc Tictw to- the 

tficn, by fufeffituting . I- for AT; wfcfliallhav* 
cQrt=9i .200670691^4. &c. and P^ -,- pg -=5 
.6100503358 ^c. half of which added to 
lialf cBis .:iq53'6a5J56 af^.5=:P^=,theHyp, 

1.02. of -i. M.d, if E<r:5=.8,>nd <:P=cPC= 

• .5^ ■ • ■■ . - . - 

.2 } then, by writing .z^fqr jtf, we havefB' 



1.2 



==..40.54.651080, Qf<:.==;theHyn. Log., of -g-, 

and P^— PB=.o4o82i9945 m. half oS 
idbkbtfufetr^^Jbedfronihal^cBis . 1.8132 15^567 



1.2 



er. a=Pfi==?- tha-%p, 5,og. of-!^ or 1.2. j 

?pdthisfubtraae4from<rBleaves.223.i43[5;5i3 

©•<:, =::P/^i= tKeHyp^l,og. oi -1, Therefore, 

■ .0 

ty-the Nafereof Logaiitiuas, t^ Hyp, Log.. 

of — >^ -g:>< ':?, VIZ, of a, 15=..l 053605.1 56: 

9^. 4- .4'Q^J46*i?tiQ8-r S^^t + .182^*^556^ 
&-C. =,693 147 1 805 Gff. and, the Hyp. Log. 
of 2», viz. of 8, is aw^X.693 147 1805 &c. 
58= 2.07^4 K|4 16 ^x. WiAt the Hyg..L»g. of 

ex--, m. of 10, »=s 2.0794415416 Gftf. 
.0 

X. 



^ 
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Let the given right line C A turn uniformiy p^v 
round the point C as a center 5 and, let a qq^ 
* point be fappofed to pafs >A^irii an utiifbrni 

: motion, from A, along the right line AE# 
equal and perpendicular to the faid line 
CA, and fuch velocity, as to ^rrivevat F 
at the fame tirhe that the faid lines come 
to be in their firft fituation : then, by 
this pomt, will the Spiral APBF be de^ 
fcribed. ^are the Area of any Space 
AR^PA?* 

Put CA=£3AF::t=^, the circumference of 
the circle AR^A=£3, ^Bterv, arch DB (de-^ 
fcribed with the ordinate or radius CB,) =iAr, 
CB=s:y, arch AKa:siZy Bn=zx', and tfa=5;^. 
Now, (fuppofing 3n, th« Increment of the 
arch DB, to be a little right line perpendi- 
cular to the radius CB,) if we draw i^G per- 
pendicular to CB, the Moment or Incre- 
ment of the fpace AR^BD, viz. aBnzaj will, 
by 41 E. I. be =iGBxBw±= (becaufe by 8 
and 4>E. 6. CB : B^ :: aB : BG, or, 7 : v :: 

-yi^BGs:— ,) ^^; therefore, art.y. the ' 

y 2y 

Fluxion 



■Mk 



• This Curve was invented Jnfto 1756. 
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Fluxion of the faid fpace, which is = tli* 

Fluxion of the fpace in qucftion, is = 

Butj it IS plain from the generation of the 

Curve, {af) a : 6 :i v : z =— ^, and (Ca) a : 

a 

y :: z: x=s=:^=£±2 x ^:=J^i whidh fubfti- 

a a a a^ 

tuted for x makes the above Fluxion of the 
fpace in queftion =z± i the Fluent of 

v^hich is - — = the Area of the Space re- 

quired : And therefore, by writing a for v^ 
we ftiall have the Area of the whole fpiral 
Space AR AFBPA=:i abt^n^ the Area of the 
Circle CAR^ A. Q. E. I. 

Or^ By 47 E. I. v==y* — tf*)*; the Fluxion 

of which equation is ^= ~ ^-^ ■; therefore 

x(=^)=Ax-l^ i which fubftitutcd 

for ;f, makes {yxviz. the Fluxion of the Area 
tfr/. 1 24. (for CB and C4B defcrib6 equal Spaces, ) 
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'l^ x '^^' -; the Fluent of which expref- 



y'-^raf'i^ 



the Area of the Space AC^BPA. So that, 
by writing 2a* for^% we have the. Area of 
the Space AFBP A=|^^ ; from which if we 
take {ai (the Area of the Cirtle AR A,) there 
ffAU xka^nf4^a^f^=^ the Area of the whole fpl-^ 
rd Spaces ds before. 

^ ■ ■ 

.-J., \ Corollary. 

^'(^^■38.)is= jx 'y'y , = 

hL__ — '^JL^ the Subtangent CT. 






. ContiruSiisn. . Through the tenter C draw 
this indiefimte right line AT perpendicular to 
the ordinate CB ; defcribe through the points 
A and B a feniicircle ABH ; make CI x=; the 
circumference of the circle ARA, and CK 
csi^B; draw right lines HK ahd IL, and pa* 
rallel to IL draw MB; laftly, produce CB to 
N, making CN == CM, and draw a right 
line NT parallel toKH: then willT be the 
J)oint from which a Tangent to the point B 

Ee muft 
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muft be dravvn. For, (AC) a-.y.-, fi ^—ss 

a 

CH, and (LC) tf : (CI) b :: (BC)/: CM=: 
h^CN i and (KC) v : (CH) t. :: (NC) t 

:CT=*il. 

i 

XI. 

«. ^<fr^ the Content of the cyfindricd Ring 
*fl ABDR ?— the radius EA of the inner cir- 
cumference being giv«n ==« j and AD, 
the diameter of the ring, or of the gene- 
rating circle, :=ssb. 

Put any arch LA=rx, and .78539 &c.:s=f : 
fuppofe E</ indefinitely near to ED j and dc- 
fcribe the concentric pricked circle BR, mak- 
ing AB=BD=ri^. Then, the Moment of 
the ring, viz. Ai, will be equal to the area 
of the generating cirde AD drawn into the 
Increment B^. Now, EA : Aa :: EBt 



that is, a : *' :: a'\-\b :: x'-l = B^ } and 

the area of the' circle AD=3*f : therefcH -e, 

the Moment of the ring is =zb*cxx^A = 

** 2a 

h*cx'-\ , or it's Fluxion {art, 7.) =Jb*cx 
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+— ; the Fluent of which is b^cxjJH^ 

TT 

c-i^-l — x6*cx=: the Content of the Ring 
2a . 

from L to A ; and tliercfore, by fubftituting 

Sac for X, we h ave the Content of the whole 

Rings=:i-{ — x8tf^*c*=^Vx2tf+^ X 4r=s 

2a 

the area of the generating circle AD drawn 
into the circumference of the pricked circle 

B 

XII. 

If a heavy Sphere, whofe diameter is 4 in- 
ches, be let fall into a conical Glafs fth 
full of Water, whofe diameter is 5 inches 
and altitude 6 ; how much of the Sphere 
will be immerfed in the Water ? 

Put the altitude VH=i6:=a i radius HF p— 
«2.5=:^; 3-HI59 &c. (art. 122.) =^5 g^^ 
AD, the diameter of the (phere, =4=:^/ ; 
and AC, that pan of the faid diameter un- 
der the. water, =sx; then, CD=</ — x^ Now, 
the capacity of the glais is ssz^i^c; and 
therefore, by the queftion, the quantity of 
water in it is =z-^jai*c. By 35 E. 3. ACx 
CD=;CBS that is, dx—x^sz the iquare of 

£€2 th« 



L_ 
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the radiu s of the /edHon of the fphere ; thel:^- 
fore the area of the faid fedion is =zcdx-^ 
cx^ ; which drawn into x isr^x;ir — cx^x=z 
the Fluxion of the fegment of the fphere 
nndJer the water ; the Fluent of which i^ 
jLcdx^ — ^x^=i the content of the faid ftp- 
ment. Hence (fimilar folids being a» tha 
cubes of their homologous (ideS,) ^ab^c : a^ 

V tV ab^f^-.cdx^-^^x^ : \a^ + If^' -r 
^=VC'. But, VF=v/^H^jandHF 



: FV :: GE : EV, that is, 4 : /<?*+^* :: 
^J : 4\/^S^=EVi- V VA ^=:VE— AEJ 



;=,— s/a * -|-^ * .^}.dzz'^ .2, wh^ch put=r (?; then 

VC=:^^, and VC'=^5-f 3^*^4-3^Ar'-f^^ 
c= (becaufe by the above VCMs=) 7^^ + 

^—fi ^"XT"* N^w, this equation produ- 



ces io^* + ip^*.a;* -j- 30^*^ — ^5^*^ .a:* -jr 
'^ob^ e"- x^=z2a^ b"- — lo^^V, that is, 422.5^?^ 
'•r-i56o>:*-f-i920A:=;652 5 which equation 
divided by 422.5 is a:^ — 3.692A:*-|-4.544;c=a; 
1.543 i whence x may be found =.546= 

■ ■' ■ • ■ AC 



J 



.^«p that' V2^ »i ,tht Tfizmtt^v of tha 
Sphere-uiickrthe Watw. Q..E.L 



s c H o L I u M. 

We! might how proceed tp the ItlveftigdJ 
tabu of thfe Centers of gravity ^ percujjionl 
aijd ofcillationy and z great variety of other 
Probkilis iti the various branches of Mathe- 
ttiatibal and Philofophical Science: but, this 
Tra6t being intended as an Introduction only, 
for thefe Things we ^ muft refer the Learner 
to the larger and more ^xtenfive Books oi^ 
theSubjeft*^ in which, though he may^ 
peet with.many Difficulties, it is hoped they 
atje not fuch bpt he will now be able toTur^. 
jpount, ^ - 

The Books, in Englifi^ profefledly on the 

are* 




* 

• I. A Treatife of Fluxions : pr, an Intro- 
d}i6li6n to Mathematical Philofophy. Con- 
taining a fujl explication of that Method by 
which the moft celebrated Geometers of the 

pre- 

i ♦ The Author particularly refers to the Works of his two 
{«leferated Friends, Mr, Emer/on and the Ijitc Mr, Simeon. -: 



4 

114 jin Introduction to, the 

prefcnt Age have made fuch vaft Advances 
in Mechanical Phibfophy. By Charles 

Hayes, Gent. Folio. 315 Pages. Cuts. 

1704. 

2. An Inftitution of Fluxions : Contain- 
ing the firft Principles, the Operations, with 
fome of the Ufes and Applications of that 
admirable Method. By Humphry Ditton. 
—Octavo. 240 Pages. Cuts. 1 706. 

N. B. A SeoDnd Edition was printed in the 
Year 1726. • 

3. The Method of Fluxions, bothDireft 
and Inverfe. The former being a Tfanfla- 
tion from the celebrated Marquis De VHof^ 
pitaVs Analyfe des Infinements Petits ; and 
the latter fupply*d by the Tranflator, E. 

Stone, F. R. S. Oftavo. 450 Pages. 

Plates. 1730. 

4. The Do6lrine of Fluxions, founded on 
Sir Ifaac Newton's Method, publifticd by 
Iiimfelf in his Tradls upon the Quadrature 
of Curves. By James Hodgson, F. R. S. 
and Mafter of the Royal Mathematical 

School in Chrift*s Hofpital. Quarto. 4531 

Pages. Cuts. 1736. 

N. B. The Title-Page was reprinted in 17565^ 
and^ again, in 1758. 

5. The 



Doctrine ^ Fluxions. 2i| 

5* The Method of Fluxions and Infinite 
Series ^ with its Application to ihe Geome- 
try of Curve-Lines. By the Inventor Sir 
Ifaac Newton^ KK late Prefident of the 
Royal Society. Tranflated from the Au* 
thor's Latin Original^ not yet made public. 
To which is fub]oined» a Perpetual Com-^ 
ment upon the v^hole Work. By John 

CoLsoN, M. A. and F.R. S. Quarto. 33 j 

Pages, Cuts. 1736. * 

N. B. The fame Piece was tranflated by ano« 
tker Hand ; and publtflied, without a Comment, 
in the Year 1737. Oftavo, 189 Pages. Cuts. 

•»♦ The Original was written in the Year 1 6y r j 
but founded on a fmaller manufcript Tra£t com- 
pofed in November 1666'^ in which the great In* 
ventor ufed the fame Method of noting the Flu- 
xions of Variable Quantities as that which he after^ 
wards generally followed^ that is, PoinPing. . 

6. A Mathematical Treatife : Contdning 
a Syftem of Conic-Se6tions s with the Doc- 
trine of Fluxions and Fluents, applied to 
various Subjefts i viz. To the finding the 
Maximums and Minimums of Quantities 1 
Radii of Evoludon, RefraSticMi, Refleftion ; 
fuperfidal and folid Contents of curvilineai: 
Figures; Re£tification of CuiTC-lincs J Cen-^ 

ten 



Ii4 *«fIii*Robi)ic*i'6*r tH ihi 

ti?r? pf Gravity, .Q{(^a.pon gnd Percuf- 
fiQn : its alfp, to the Refal^t^oR of a icle^ 
CpU^ftion of the moft ufeful, gnd m^ny 
pew, .phyrico-MatHematiqal Pfehlesfts.. ^|- 

?!«!??. 1,7.36. /, 

'7, TheSoftrihe dpci Application of, Flu- 
3(ions. . Containing (beiyes wh^t Is con;- 
mon on the Subjefl) a npmber of n^w itt^^ 
provements in the Theory; and the Solution 
ofa variety of ww and veryi iriierefting Pto- 
)3ilems in difS^rent' Branched:: of ^ the > Matjic^ 
matics. By Thomas Simpson, F.R.S.—* 
gc Volumes, Oftavo. 576 Pagefe. Cuts.. 1750. 



^ 4 



%* This Work. i§3r per^i.^ps, n9t . infepor to ^hj; 
on th? Sub}e<5t. 

'■ N.B. He publilhcd ^ '^r^4f//y^ Vf F&x/(?^ 
Year 1737. Quarto.' 2i6Patges. Cy^ts, •— / 

. t4-t This great and penetrating . (?en jus ,Y^as 
|)orn y^Kf^ . tjie 2pth, 1^7 1 q, nnd dkd , A%, tji^ 
J4th, 1761! 

■'8. A Treatife of fluxioris. By Colin 
Mac Laurin, A. M. Profeflbr of Mathe- 
matics in the Univerfity of Edinburgh, and 

F. R. S, ^ Volumes, Quarto. 754 Pages. 

Plates. 1742. " - ' 



• 



Doctrine oj Fluxions, 217 

'^* In this maftcrly Work, the Subjeft is hand- 
led agreeable to the Method of reafoning ufed by 
the ancient Mathematicians. 

f4.f This cekbrated Writer was bom in Fehru- 
ary 1698, and died June the 14th, 1746. 

9. The Do6lrine of Fluxions : not only 
explaining the Elements thereof, but alfo its 
Application and U& in the feveral Parts of 
Mjithematics and Natural Philofbphy. By 
W. Emerson. The Second Edition, cor- 
re£ted and greatly enlarged.— — Octavo. 432 
Pages. Plates. 1757. 

N. B. The Firft Edition of this elegant and ex- 
cellent Work was printed in the Year 1743. 
Oftavo. 300 Pages. Plates, 

10. Sir Ifaac Newton^s two Treatifes, of 
the Quadrature of Curves and Analyfis by 
Equations of an infinite number of Terms, 
explained. Containing the Treatifes them- 
felves, tranflated into EngUfli, with a large 
Commentary. By John Stewart, A. M. 
Profeffor of Mathematics in the Marifhal 

College and Univerfity of Aberdeen. =• 

Quarto. 479 Pages. Quts. J 745. 

f ^.f The Analyfis by Equations was firft writ- 
ten before the Year 1 669 ; and the Quadrature 

Ff of 



2l8 An iNTRODUCtlON^ ^C. 

of Curves before the Tear i6'j6i But, thekft 
Scholium in the Quadraturbs was added but juft- 
before the Tratft was pubUlhed, which was by the 
great Author himfelf in the Year 1704. The 
Anaiy^ was firft printed in tjti. 

1 1 . The Method of Fluxions applied to 
a feleft number of ofeiiil Problems, By 
Nicholas Saundbrs(^n, L.L.D. LiWPfO- 
fe0br of Mathematics k tft« Utiivei^fity ^ 
Cambridge.— >-~Oasvd. 36^ Pages. PlMe9. 

12. A Treatifeof Flmwoas. BylsxAEt 
Lyons, Junior. — —Oftavo. 269 Pages* 
Plates. 175?. 



F I K I S, 



ERRATA. 

Page 41 line 5 for tfy^x read ay^-^. Pag<i 
77 lirte 16 for GBE read A^E. Page 9 j 
lifee ult. for Cyclod read Cycloid. Page 131^ 
line 14 for v read «. Page 139 line 7 for 

^fead i^. Pace 185 line 20 for f read|. 

Page 208 line 17 for C^B read CaB. Page 
2 1 1 line 8 for AR read BR. 

In feme Copies arc likewife the following 
Err at a J viz. Page 79 line 5 for B» Al^read 
B« : AL Page 91 line 10 for -fjf read 
+-y** P^^ ^4^ li^^ i^ for 5^?* read 



m -* 



£5a;^« Page %$t line 9 iot j^^n read 

/I- 



191 



Z!!xii \ Page 1^8 line i for cax. read 



n 



cax. Page 192 line ult. for CB read CBv 

%* The Author bfclievcs, there is not One 
. Prtfs Ef^nr^ m any Copjr, but what he 
has dther corre6led with a Pen, or point- 
-^ out in the above Errata. 

John Rowe. 
'ay i. 1767. 




1. •W/Tathematical Essays: Being EC- 
^^ fays on Vulgar and Pecimal Arith- 

meticj in which all thfe Rules ar^ dcmon- 

jftratcd. The Secpnfl Edition. By B^nja* 

MiN DoNN. — -06lavo. 6s. 

Sold by W. Johnfton in Ludgatc-ftrect^ 

and B. Law in Ave-jmary-Lane, . 

Z^ Thfi^ Accountant and Geqmetri^ 
CI AN : Containing the Doftrine of Circu- 
lating Decimals, LogarithmSi Book-keeping, 
ajRd Planie Gepn^ctry. By Benjamin Donn. 
Oftavo. 6i. 

' Sold by J. Johnfon and B. Davenport, in 
Pater-nofter-row. 

•^* Mr; Donn's. Intention is to prefcnt the 
World "with a N?w Courfe of Matjbcniatical 
teaming, 

: 3. Mathematics. With Eleven CopT 
per-Elates. By the late Reverend Mr. Wil- 
MAM West of Exeter. The Second Edition^ 
with Additions. . Revifed. by John Ro we. --- 
Oftavo. 2S.6d. 

Sold by J. Johnfon and B, Davenport, in 
Pater-nofter-row. ' * 
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